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Abstract

This dissertation has been organized into three parts. Part I introduces the
mathematical preliminaries. Part II focuses on Berwald spaces, their character-
ization, and (pseudo-)Riemann metrizability. Finally, Part III deals with exact
vacuum solutions to Finsler gravity.

In Part II we first develop a new characterization of Berwald spaces and
discuss several applications. One of these is the Berwald condition for (α, β)-
metrics, which we apply to several specific cases of interest: Randers metrics,
(generalized) m-Kropina metrics, and exponential metrics.

Next, we show, by means of a general argument as well as a simple counterex-
ample, that Szabó’s metrization theorem does not generalize to Finsler spaces of
indefinite signature. This important theorem states that the affine connection
on a positive definite Berwald space (smooth on the slit tangent bundle) can
always be understood as the Levi-Civita connection of some Riemannian metric.
In short: every such positive definite Berwald space is Riemann metrizable. In
other signatures, however, or more generally in situations with less smoothness,
we show that the situation is much more complex.

We investigate the class of m-Kropina metrics in detail and obtain several
necessary and sufficient conditions for (local) metrizability. Interestingly, local
metrizability turns out to be equivalent to the property of having a symmetric
(affine) Ricci tensor. The same equivalence holds, trivially, for several other
types of metrics, such as Randers metrics. This observation naturally leads us
to hypothesize that such an equivalence may hold more generally.

Then, using our characterization of local metrizability, we classify all four-
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Abstract

dimensional Ricci-flat, locally metrizable m-Kropina metrics. The latter class of
metrics is of interest in physics since any such metric yields an exact vacuum
solution to Pfeifer and Wohlfarth’s field equation in Finsler gravity. Some of our
results also extend to generalized m-Kropina metrics.

In Part III, we turn our focus completely to exact solutions of the afore-
mentioned field equations in Finsler gravity. We prove that any Finsler metric
constructed solely (but arbitrarily) from a vacuum solution in general relativity,
α, and a covariantly constant 1-form β, is a vacuum solution in Finsler gravity.
This leads to a large class of exact solutions of (α, β)-type. For specific types of
(α, β)-metrics, we have stronger results. For Randers metrics, for instance, we
classify all solutions of Berwald type and show that they can all be understood
as Finslerian pp-wave spacetimes.

We then discuss the physical interpretation and the observational signature of
such Finslerian gravitational waves by investigating their effect on interferometric
gravitational wave detectors. Remarkably, we come to the conclusion that this
effect is indistinguishable from that of a standard gravitational wave in general
relativity with the same waveform. Indeed, we compute the expression for the
radar distance—the main observable in interferometer experiments—and find
that it is identical to its general relativistic counterpart.

Finally, we obtain a solution of unicorn (i.e. Landsberg but not Berwald)
type, which is of interest in cosmology. This solution has cosmological symmetry,
i.e. is spatially homogeneous and isotropic, and it is additionally conformally
flat, with conformal factor depending only on the timelike coordinate. It turns
out that, just as in classical Friedmann-Lemaître-Robertson-Walker (FLRW)
cosmology, this conformal factor can be interpreted as the scale factor of the
universe. Our solution describes a linearly expanding (or contracting) Finslerian
universe.
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Introduction

Since its finalization in 1915, Einstein’s general theory of relativity (GR) has
proven itself as our most successful theory of gravity yet and today it is a cor-
nerstone of modern physics. It has also been clear for a long time, however,
that there is no hope of it being the ultimate answer. Indeed, as illustrated by
the famous Penrose-Hawking singularity theorems, the theory even predicts its
own demise. Besides, while GR is a classical theory, the other forces of nature
and the known types of matter in the universe all behave according to the laws
of quantum mechanics as described in the standard model of particle physics.
In order to have a consistent picture of nature it would thus seem that gravity
ought to be described quantum mechanically as well.

The ‘quantization’ of gravity, often dubbed the holy grail of fundamental
physics, has proven to be an extraordinary challenge. Even though approaches
such as string theory, loop quantum gravity and others have made considerable
progress in this direction, it is fair to say that we still do not have a clue which
of these approaches, if any, is on the right track.

Nevertheless, many of the fundamental approaches to quantum gravity seem
to converge on the idea that local Lorentz invariance may not be fundamental
but rather a low-energy approximation (see [1] for a recent review and references
therein). Experimental searches for Lorentz invariance violation are actively
ongoing as well [1, 2, 3]. Departure from Lorentz invariance has as a direct
consequence that Lorentzian geometry—the geometric foundation of GR—is no
longer adequate as a description of spacetime in certain regimes. This is where
Finsler geometry comes in.

As concisely put by Chern [4], Finsler geometry is just pseudo-Riemannian
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Introduction

geometry without the quadratic restriction. In other words, it is the natural
extension of pseudo-Riemannian geometry in which the squared line element ds2

is not restricted to be quadratic in the coordinate 1-forms dxi. Historically, the
possibility of considering this type of geometry was already discussed by Riemann
in his famous habilitation lecture in 1854 [5, 6]. But the first systematic study
of such spaces appeared only in Finsler’s 1918 PhD thesis [7]. After this, the
theory was developed further by mathematicians such as Cartan, Chern, Rund,
Matsumoto, and many others.

As the initial development of GR took place between 1905-1915, it is only
natural that the theory was formulated on the basis of pseudo-Riemannian geom-
etry, which was already well developed at that time. And when it was found in
the decades that followed that the theory matched experiment to extraordinary
precision, the obvious conclusion was that the theory and in particular its geo-
metric foundation were simply correct. With the knowledge that we have today,
however, and specifically in light of what has been said above, it is natural to con-
sider the possibility that these foundations may need to be revisited. There are
compelling reasons to consider Finsler geometry rather than the more restrictive
Lorentzian geometry as the fundamental geometric framework underlying the
structure of spacetime and gravity.

First of all, while Lorentzian geometry is obviously inadequate in scenarios
with a departure from local Lorentz invariance, it turns out that at the classical
level, virtually any such scenario can be described in terms of a Finsler geometry
on the spacetime manifold [8, 9, 10]; see e.g. [11, 12, 13] for applications to
specific phenomenological quantum gravity models.

Second, as suggested already in 1985 by Tavakol and Van den Bergh [14, 15,
16], the axiomatic approach to GR by Ehlers, Pirani, and Schild (‘EPS axiomat-
ics’) [17] does not single out Lorentzian geometry—as was widely believed for a
long time—but is compatible with Finsler geometry as well. This was originally
overlooked due to artificially restrictive differentiability assumptions, as recently
(2018) pointed out in [18] and then worked out in detail in [19]. Other axiomatic
approaches also allow for more general types of geometry, see e.g. [20].

And finally, Finsler geometry provides the most general geometric framework
that is compatible with the standard formulation of the clock postulate1, which
states that the time measured by a clock between two events is given by the
length of the clock’s spacetime trajectory connecting these events; in this case
the Finslerian length rather than the pseudo-Riemannian length.

1We remark that Weyl geometry, another generalization of Lorentzian geometry, is also
compatible with the clock postulate, but in that case the definition of proper time has to be
revised [21].
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The idea that Finsler geometry might play a role in fundamental physics
has been around at least since 1926 when first attempts were made to unify
gravity with electromagnetism [22, 23, 24]. Several decades later the possibility of
extending GR into the realm of Finsler geometry started being considered [25, 26,
27, 28, 29, 30, 31, 32, 33, 34, 35, 36]. But it was only in 2012 that the action-based
approach to Finsler gravity was developed by Pfeifer and Wohlfarth [28, 37].
Structurally, this theory is completely analogous to GR, with the only essential
difference being that the space of allowed metrics is enlarged from Lorentzian
metrics to Finsler metrics. Einstein’s field equation is extended into the realm
of Finsler geometry by means of Pfeifer and Wohlfarth’s field equation, which
is derived from the natural Finsler generalization of the Einstein-Hilbert action
and reduces to Einstein’s field equation in the Lorentzian limit. In the spirit
of Chern, we could say that Finsler gravity is just general relativity without the
quadratic restriction.

Recently (2019), it was discovered [38] that Pfeifer and Wohlfarth’s field
equation is in fact the variational completion [39] of an earlier proposal for a
field equation by Rutz [27], the latter being given simply by the vanishing of the
Finsler-Ricci tensor and derived from—or rather motivated by—the geodesic
deviation equation. That is to say that, while Rµν = 0 cannot be obtained as
the Euler-Lagrange expression of an action functional, Pfeifer and Wohlfarth’s
equation is the unique Euler-Lagrange equation that is as close to it as possible,
in a well-defined sense [39]. For reference, in the pseudo-Riemannian setting, the
variational completion algorithm transforms Einstein’s early proposal for the left-
hand side of the field equation—the Ricci tensor Rµν—into his final and correct
expression—the Einstein tensor Rµν − 1

2Rgµν—that yields not only the correct
vacuum equation (which is equivalent to Rµν = 0) but also a consistent matter
coupling [39]. In 2020 the field equations corresponding to the natural Finsler
generalization of the Einstein-Hilbert-Palatini action were investigated as well
[40], and for large and important classes of Finsler spaces (Berwald, Landsberg,
and weakly Landsberg spaces) these were found to be equivalent to Pfeifer and
Wohlfarth’s equation. All this puts the latter on firm ground.

Roughly half of this dissertation, Part III, is devoted to the study of exact
solutions to Pfeifer and Wohlfarth’s field equation for Finsler gravity, to which
we will come back momentarily. The other half, Part II, is more fundamental in
nature and concerns the characterization and properties of an important class
of Finsler spaces, namely those of Berwald type. Apart from their intrinsic
mathematical interest, such spaces are very relevant also in the context of Finsler
gravity. Indeed, almost all of the solutions to the Finsler gravity field equations
discussed in Part III are of this type.
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A Berwald space is a Finsler space that admits a (necessarily unique) torsion-
free, metric-compatible linear connection on the tangent bundle, akin to the
Levi-Civita connection of a pseudo-Riemannian metric. Such spaces may be
thought of as being just slightly more general than pseudo-Riemannian man-
ifolds. While various characterizations of Berwald spaces are known [41], we
present here a novel characterization in terms of an arbitrary auxiliary pseudo-
Riemannian metric and use it to obtain, in particular, a very useful necessary and
sufficient Berwald condition for (α, β)-metrics—Finsler metrics constructed from
a pseudo-Riemannian metric α and a 1-form β (Chapter 5). We then apply this
result to several specific (α, β)-metrics of interest such as Randers metrics, ex-
ponential metrics, and (generalized) m-Kropina metrics, obtaining novel results
as well as neatly reproducing some well-known ones.

For any Berwald space, one can ask the natural question of whether its
canonical torsion-free metric-compatible connection can be understood as the
Levi-Civita connection of some auxiliary pseudo-Riemannian metric. This will
be referred to as the question of (pseudo-)Riemann metrizability or just metriz-
ability. Simply put: is any Berwald space metrizable? For positive definite
Finsler spaces that are smooth on the entire slit tangent bundle the answer, due
to Szabo [42], is well-known and affirmative: the affine connection on any such
Berwald space is the Levi-Civita connection of some Riemannian metric. How-
ever, in alternative signatures like Lorentzian signature, this question remains
almost completely unexplored. We demonstrate here that Szabo’s metrization
theorem does not extend to the general setting (Chapter 6). In particular, it does
not hold in Lorentzian signature. For the class of m-Kropina metrics, we ana-
lyze the question of metrizability in detail and we obtain precise necessary and
sufficient conditions for local metrizability. We also classify all Ricci-flat, locally
metrizable m-Kropina spaces. Since any Ricci-flat Berwald space is automati-
cally an exact solution to Pfeifer and Wohlfarth’s field equation, this classification
has important implications for Finsler gravity.

And that leads us naturally into Part III, which is devoted to the study
of exact solutions to Pfeifer and Wohlfarth’s field equation for Finsler gravity.
Any solution to Einstein’s field equation is trivially also a solution in Finsler
gravity, but not many exact, properly Finslerian solutions are known as of yet.
Prior to the contributions on which this dissertation is based, the only ones
known in the literature were the (m-Kropina type) Finsler pp-waves [43] and
their generalization as very general relativity (VGR) spacetimes [44]. Here we
will extend the list considerably.

Most of the solutions that we present and investigate are of Berwald type
(Chapter 8). First, we introduce a large class of general Berwald (α, β)-type solu-

4



Introduction

tions; we prove that if the pseudo-Riemannian metric α is chosen to be a general
relativistic pp-wave and β the corresponding canonical covariantly constant null
1-form, then any Finsler metric constructed from these two building blocks will
be an exact vacuum solution. This yields a wide range of Finsler metrics that
generalize the well-known pp-waves from GR as well as the (m-Kropina type)
Finsler pp-waves obtained in [43].

For Randers metrics—the most abundant type of (α, β)-metric—we prove
that Pfeifer and Wohlfarth’s field equation is in fact equivalent to Rutz’s equa-
tion, i.e. the vanishing of the Finsler-Ricci tensor. Using this fact, we (locally)
classify all exact vacuum solutions of Berwald-Randers type. Completely analo-
gous results hold for what we call the modified Randers metric—a small modifica-
tion of the standard Randers metric that we introduce because of its satisfactory
causal properties.

A natural question that arises is how such spacetimes should be inter-
preted physically, and in particular, whether and how they can be physically
distinguished from their general relativistic counterparts, given by the pseudo-
Riemannian metric α. To answer this question, we apply a two-fold lineariza-
tion scheme to our class of (α, β)-metric solutions. We find that the linearized
solutions may be interpreted as Finslerian gravitational waves, and we study
their observational signature (Chapter 9). More precisely, we ask the question
of what would be observed in a gravitational wave interferometer when such a
Finslerian gravitational wave passes the earth, and what would be the difference
with a classical general relativistic gravitational wave. To this end, we compute
the Finslerian radar distance—the main observable measured by interferometers.
Remarkably, when interpreted correctly, the result turns out to be completely
equivalent to its GR counterpart [45]. In other words, gravitational wave in-
terferometers simply do not have the ability to distinguish this type of Finsler
gravitational waves from the standard ones in GR. We discuss the implications
of this result.

Finally, in the last chapter, we present a class of exact solutions of unicorn
type (Chapter 10). Above, we already introduced Berwald spaces, roughly speak-
ing, as those Finsler spaces that are only ‘slightly’ more general than pseudo-
Riemannian manifolds. One might say that by going up one level in general-
ity, one arrives at the class of Landsberg spaces. Every Berwald space is also
Landsberg, but whether or not the opposite is true has been a long-standing
open question in the field, provided one adheres to the most strict definition of
a Finsler space. Bao has called these non-Berwaldian Landsberg spaces ‘[. . . ]
unicorns, by analogy with those mythical single-horned horse-like creatures for
which no confirmed sighting is available,’ [46] and Matsumoto stated in 2003
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that they represent the next frontier of Finsler geometry [46]. In the last two
decades, some examples of unicorns have been obtained by Asanov [47], Shen
[48], and Elgendi [49] by slightly relaxing the definition of a Finsler space. Here
we present a new exact vacuum solution to Pfeifer and Wohlfarth’s field equation
which is a unicorn that falls into one of the classes introduced by Elgendi. This
solution has cosmological symmetry, i.e. is spatially homogeneous and isotropic,
and it is additionally conformally flat, with conformal factor depending only on
the timelike coordinate. We show that, just as in classical Friedmann-Lemaître-
Robertson-Walker (FLRW) cosmology, this conformal factor can be interpreted
as the scale factor of the universe; we compute this scale factor as a function
of cosmological time, and find that it corresponds to a linearly expanding (or
contracting) Finslerian universe.
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Organization of this dissertation

This dissertation is organized into three parts. The following is a concise sum-
mary of their contents.

• In Part I we introduce the necessary mathematical preliminaries (Chap-
ter 1-4).

• In Part II we present our results pertaining to the characterization of
Berwald spaces and their metrizability.

– Chapter 5 covers the characterization of Berwald spaces.
– Chapter 6 covers metrizability.

• In Part III we present our results concerning exact solutions to Pfeifer and
Wohlfarth’s field equation in vacuum.

– Chapter 7 is an introduction to Finsler gravity and reviews the field
equation, some of its properties, and its motivation and derivation.

– Chapter 8 contains our exact solutions that are of Berwald type.
– Chapter 9 is concerned with the physical interpretation and observa-

tional signature of the solutions obtained in Chapter 8.
– Chapter 10 exhibits our cosmological unicorn solutions.

Moreover, each part has an accompanying introduction that is somewhat more
specific than the general introduction given above.
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Preliminaries
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Introduction to Part I: Preliminaries

The purpose of Part I is to develop the mathematical prerequisites that are
necessary to properly understand Part II and Part III. We assume familiarity
with pseudo-Riemannian geometry (see e.g. [50, 51, 52]) and standard concepts
in differential geometry such as connections on vector bundles (see e.g. [53, 54,
55]), but we provide a reasonably self-contained exposition of Finsler geometry,
starting with the fundamentals in Chapter 1. Here we introduce the definition of
a Finsler space, of geodesics, and we introduce the pullback bundle π∗TM and
its associated tensor bundles, leading to the notion of a Finsler tensor field.

We then go on to review the topic of nonlinear (Ehresmann) connections
in Chapter 2, we introduce the associated notions of curvature, torsion, and
metric-compatibility, and we prove the existence and uniqueness of a torsion-free
metric-compatible homogeneous nonlinear connection associated with a Finsler
metric, generalizing the Levi-Civita connection. We then introduce the Finsler-
Ricci curvature and the dynamical covariant derivative, which both appear in
the Finsler gravity field equations.

In Chapter 3 we review the theory of linear connections on the pullback bun-
dle π∗TM and in particular their torsion and metric-compatibility, we introduce
the Chern-Rund and Berwald connections associated with a Finsler metric, and
we discuss geodesic deviation. The latter will be used as motivation for the field
equations.

Finally, Chapter 4 discusses Berwald spaces, Landsberg spaces, and unicorns,
i.e. non-Berwaldian Landsberg spaces. These notions are very relevant as Part II
is centered around Berwald spaces, and many of the solutions to the Finsler
gravity field equations discussed in Part III are of this type. The only exception

11



is our cosmological unicorn solution which, as the name suggests, is of unicorn
type.

Our exposition of the material is based on a wide range of literature. For
further reference, we refer to [56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 36, 66, 67, 41].
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CHAPTER 1

Fundamentals of Finsler Geometry

After briefly outlining some of our notational conventions, we start by introduc-
ing Finsler metrics, Finsler Lagrangians, Finsler spaces, and notions such as the
Finslerian length of a curve, the fundamental tensor, the Cartan tensor, and
Euler’s theorem and some of its immediate consequences. We then introduce
geodesics as critical points of some ‘energy’ functional. Although an alternative
equivalent definition can be given in terms of autoparallel (‘straight’) curves of
some connection, which is perhaps more intuitive1, the one given here can be
stated without any reference to a connection and hence it will be our starting
point. The equivalence with autoparallel curves will be discussed in detail in
the next two chapters. Finally, we introduce the pullback bundle π∗TM , its
associated tensor bundles, and the notion of a Finsler tensor field.

1.1 Notation and conventions

Not only in this chapter, but throughout the dissertation we will often work in
local coordinates. Given a smooth manifold M of dimension n we will always
assume that some chart φ : U ⊂ M → Rn is provided, and we will effectively

1Mathematically, this is merely a matter of taste. In the context of relativity, on the other
hand, the definition in terms of autoparallel curves is the physically relevant one. This is
because gravity is understood not to be a force and hence the trajectories of freely falling test
particles should be the straightest possible lines through the curved spacetime geometry, i.e.
autoparallels, i.e. geodesics.

13



Chapter 1. Fundamentals of Finsler Geometry

identify any p ∈ U with its image x = (x1, . . . , xn) := φ(p) ∈ Rn under φ. If
p ∈ U then each Xp ∈ TpM can be written as Xp = yi∂i

∣∣
p

=: yi∂i (we will
often be sloppy and suppress the dependence on the point p), where the tangent
vectors ∂i := ∂

∂xi
make up the coordinate basis of TpM . This decomposition

provides natural local coordinates on the tangent bundle TM via the chart

φ̃ : TU → Rn × Rn, φ̃(p, Y ) = (φ(p), y1, . . . , yn) =: (x, y), (1.1)

where TU is given by

TU =
⋃
p∈U

{p} × TpM ⊂ TM. (1.2)

These local coordinates on TM in turn provide a natural basis {∂i, ∂̄i}i=1,...,n of
its tangent space T(x,y)TM at (x, y), where we define

∂i := ∂

∂xi
, ∂̄i := ∂

∂yi
. (1.3)

The space of smooth functions on M will be denoted by C∞(M) and the space
of smooth vector fields on M by X(M). Given a vector bundle π : E → M over
M , we denote its space of smooth sections by Γ(E).

Finally, we will use the notation dxidxj for the symmetrized tensor product
of 1-forms, i.e. dxidxj ≡ 1

2(dxj ⊗ dxj + dxj ⊗ dxj), and whenever we work in
Lorentzian signature we will adhere to the sign convention (−,+, . . . ,+) unless
otherwise specified.

1.2 Finsler spaces

Let M be a smooth manifold. A conic subbundle of TM is an open subset
A ⊂ TM which is conic in the sense that (x, λy) ∈ A for any (x, y) ∈ A and
λ > 0, and which satisfies π(A) = M , where π : TM → M is the canonical
projection of the tangent bundle. The latter property says that the fibers Ax of
A are nonempty.

Definition 1.2.1. A Finsler Lagrangian on a conic subbundle A is a smooth
map L : A → R such that

• F is positively homogeneous of degree two:

L(x, λy) = λ2L(x, y) , ∀λ > 0 ; (1.4)
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1.2. Finsler spaces

• The fundamental tensor, with components gij = ∂̄i∂̄j
(

1
2L
)
, is nondegen-

erate.

In Section 1.4 we will see that gij is indeed a (Finsler) tensor field.
Any pseudo-Riemannian metric a = aijdxidxj on M induces a quadratic

Finsler Lagrangian L = aij(x)yiyj on A = TM with fundamental tensor gij =
aij . We say that such a Finsler Lagrangian L is pseudo-Riemannian. In fact, it is
easy to see that a Finsler Lagrangian is pseudo-Riemannian if and only if (iff) it
is quadratic (in y) iff its fundamental tensor has no directional dependence,
gij = gij(x). In such a situation the theory reduces to pseudo-Riemannian
geometry. By extension, we will also say that L is pseudo-Riemannian if there
exists a finite cover {Ai}i of A such that L is quadratic on each Ai. For example,
a Lagrangian such as L = |aijyiyj | on A = {(x, y) ∈ TM : aij(x)yiyj ̸= 0} will
also be called pseudo-Riemannian. If no such cover exists, then we say that
L is properly Finslerian. It turns out that any Finsler Lagrangian defined on
A = TM must be pseudo-Riemannian. In the properly Finslerian case, the
largest possible domain one can hope for is given by A = TM0, the slit tangent
bundle,

TM0 := {(x, y) ∈ TM : y ̸= 0}. (1.5)

Even though it is the 2-homogeneous Finsler Lagrangian that enters in most
(but not all) formulas in Finsler geometry, it is useful to independently define a
similar 1-homogeneous object, the Finsler metric.

Definition 1.2.2. A Finsler metric on a conic subbundle A is a smooth map
F : A → R such that

• F is positively homogeneous of degree one:

F (x, λy) = λF (x, y) , ∀λ > 0 ; (1.6)

• The fundamental tensor, with components gij = ∂̄i∂̄j
(

1
2F

2
)
, is nondegen-

erate.

The length of a curve γ : (a, b) → M is then defined as2

ℓ(γ) =
∫ b

a
|F (γ(λ), γ̇(λ))| dλ, γ̇ = dγ

dλ. (1.7)

2Strictly speaking the length of γ is defined only when γ̇(λ) ∈ A for all a < λ < b.
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Chapter 1. Fundamentals of Finsler Geometry

The homogeneity condition (1.6) ensures that this length is invariant under
(orientation-preserving) reparameterization.

Note that the two definitions 1.2.1 and 1.2.2 are not equivalent. Any Finsler
metric has a canonical Finsler Lagrangian L = F 2 associated with it and, con-
versely, from any Finsler Lagrangian on A one may define a canonical Finsler
metric F =

√
|L| on A ∩ {L ̸= 0}. However, both of these correspondences

F ↔ L are neither injective nor surjective. That said, it is fair to say that Defi-
nition 1.2.1 is the more general definition of the two, as in most applications one
only cares about L and not (the sign of) F . If so, one could choose to restrict
the analysis to Fisler metrics that satisfy F ≥ 0, which is typically done. In that
case the correspondence F 7→ L = F 2 is injective and with this identification,
nonnegative Finsler metrics form a subclass of Finsler Lagrangians. Neverthe-
less, we will see several times throughout this dissertation that it can be useful
to allow F to vary in sign, which is why we incorporate Definition 1.2.2 as well.

Definition 1.2.3. A Finsler space or Finsler manifold is a triple (M,A, L) or
(M,A, F ).

We will sometimes omit the specification of A and say, loosely speaking, that F
is a Finsler metric on M and L a Finsler Lagrangian on M . We say that F or
L is positive definite if gij is positive definite, and more generally that F or L
has a certain signature if gij has that signature. We remark that in the positive
definite setting, a Finsler space is most often defined as a triple (M,A, F ), where
A = TM0 and F is a Finsler metric in the sense of Definition 1.2.2 with the
additional requirement that F > 0 and that gij be positive definite. In other
signatures such as Lorentzian signature, however, many important examples have
a domain A which is strictly smaller and cannot be extended to TM0.

Next, we recall a classical result, known as Euler’s theorem for homogeneous
functions (stated in a somewhat atypical way). A smooth function f : U → R
on an open set U ⊂ Rn is said to be (positively) homogeneous of degree k or
simply k-homogeneous if f(λy) = λkf(y) for all λ > 0. If f is a function on a
conic subbundle A ⊂ TM then, as a matter of speaking, we will say that f is
k-homogeneous if it is k-homogeneous in its y-dependence.

Theorem 1.2.4 (Euler’s Theorem [56]). Let f : A → R be a smooth, k-
homogeneous function on a conic subbundle A ⊂ TM . Then

yi∂̄if(x, y) = kf(x, y). (1.8)

This result has a central importance in Finsler geometry. For example, since the
Finsler Lagrangian L is 2-homogeneous, Euler’s theorem implies that it can be
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1.3. Geodesics

written as

L = gijy
iyj . (1.9)

The Cartan tensor (or Cartan torsion) is defined by its components

Cijk = 1
2 ∂̄igjk = 1

4 ∂̄i∂̄j ∂̄kL. (1.10)

Note that Cijk is completely symmetric. As a second application of Euler’s
theorem, the fact that gij is 0-homogeneous implies that

yiCijk = yjCijk = ykCijk = 0. (1.11)

The mean Cartan tensor (or torsion) is the trace of the Cartan tensor,

Ck = gijCijk. (1.12)

Rather than taking the Finsler metric F as the fundamental object, one could
equivalently start from the fundamental tensor, but then one needs an additional
axiom to guarantee that gij is the Hessian of some scalar function, namely the
constraint that the Cartan tensor associated with gij be fully symmetric. More
precisely (see e.g. [65]) we have the following.

A symmetric and nondegenerate collection of smooth, 0-homogeneous, func-
tions gij : A → R on a conic subbundle A makes up the fundamental tensor of
a Finsler Lagrangian if and only if the associated Cartan tensor is completely
symmetric.

1.3 Geodesics

The simplest way to define the notion of geodesics directly from the Finsler
function or Lagrangian is via a variational approach. Let γ : [a, b] → M be a
curve in a Finsler space such that γ̇(λ) ∈ A for all λ. Then we say that γ is a
geodesic if it is a critical point of the ‘energy’ functional

E[γ] =
∫ b

a
L(γ(λ), γ̇(λ)) dλ, (1.13)
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Chapter 1. Fundamentals of Finsler Geometry

which is the case iff it is a solution to the Euler-Lagrange equations

∂L

∂xi
− d

dt
∂L

∂yi
= 0, (1.14)

evaluated along (x, y) = (γ(t), γ̇(t)). Using (1.11) it is straightforward to show
that Equation (1.14) is equivalent to the geodesic equation,

γ̈k +Gk(γ, γ̇) = 0, (1.15)

where the geodesic spray coefficients

Gk(x, y) = γkij(x, y)yiyj (1.16)

are defined in terms of the so-called formal Christoffel symbols3

γkij = 1
2g
kℓ (∂igℓj + ∂jgiℓ − ∂ℓgij) . (1.17)

We will also refer to Gk simply as the geodesic spray. Note the resemblance to the
Christoffel symbols of the Levi-Civita connection in Riemannian geometry. The
term ‘formal’ refers to the fact that the γkij are not really the Christoffel symbols
of a well-defined connection on TM , except when L is pseudo-Riemannian, in
which case they are just the Christoffel symbols of the Levi-Civita connection.
In Chapter 2 we will see that geodesics can also be characterized as autoparallel
curves of a canonical connection that generalizes the Levi-Civita connection. We
also note that geodesics are critical points of the length functional (1.7) as well.

1.4 Finsler tensor fields

Apart from tensor fields on M and tensor fields on A ⊂ TM in the standard
sense, many of the geometric objects of interest in Finsler geometry are tensor
fields on M ‘with dependence on both position and direction’. Examples we
have seen so far are the fundamental tensor gij and the Cartan tensor Cijk.
For a careful treatment of such tensors, it is useful to introduce the so-called
pullback bundle π∗TM . A direction-dependent vector field can then be defined
as a section of this bundle, and a direction-dependent tensor field as a section
of an associated tensor bundle. We will call such objects Finsler tensor fields.

3It is a matter of coincidence that both the formal Christoffel symbols and the curve under
consideration are represented by the symbol γ here. The formal Christoffel symbols are defined
independently of any curve.
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1.4. Finsler tensor fields

This formulation in terms of the pullback bundle will also allow us to easily
define covariant derivatives of such tensor fields; both linear covariant derivatives
(Chapter 3) as well as the so-called dynamical covariant derivative arising from
the canonical nonlinear connection on a Finsler space (Chapter 2).

1.4.1 The pullback bundle π∗TM

Given any vector bundle π : E → M over a smooth manifold M and a smooth
map f : N → M , where N is another smooth manifold, one can define the
pullback bundle f∗E, which is a smooth vector bundle over N . More precisely,
the pullback bundle is the vector bundle π′ : f∗E → N , where the total space is
defined as

f∗E = {(n, e) ∈ N × E | f(n) = π(e)} ⊂ N × E, (1.18)

and the projection is defined as π′(n, e) = n.
Consider now the special case where E is the tangent bundle, π : TM → M

the canonical projection, and f its restriction f = π|A : A → M to some conic
subbundle A ⊂ TM . Then the construction yields a vector bundle on A, denoted
by π∗TM , and to which we will refer as the pullback bundle.

1.4.2 Vector fields and tensor fields

As already alluded to above, we shall adopt the following definition.

Definition 1.4.1. A Finsler vector field (or anisotropic vector field) is a section
X ∈ Γ(π∗TM) of the pullback bundle.

Let us check that this definition agrees with our intuitive notion of a Finsler
vector field as a vector field with a dependence on both position and direction.
By construction, the fiber π∗TM(x,y) at (x, y) is canonically isomorphic to the
vector space TxM , so we may think of π∗TM as the vector bundle constructed
by erecting a copy of TxM , the fiber, at each point (x, y) ∈ A. Given a vector
field X on M , one can define a corresponding Finsler vector field X̂ by setting
X̂(x,y) = Xx, using the identification discussed above. If we take for X the local
coordinate basis vectors ∂i, then the corresponding Finsler vector fields ∂̂i form
a basis for the fibers π∗TM(x,y). By some abuse of notation, we will drop the hat
and denote these simply by ∂i as well. Finsler vector fields X ∈ Γ(π∗TM) can
therefore be represented locally as X = Xi(x, y)∂i, justifying their definition as
vector fields with a dependence on both position and direction. As usual, X is
smooth if and only if its component functions Xi(x, y) are smooth.
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Chapter 1. Fundamentals of Finsler Geometry

From here the route to defining general Finsler tensor fields is straightfor-
ward. Skipping some of the technical details (which can be found in e.g. [57]),
the idea is to define the dual bundle (π∗TM)∗—which is in fact isomorphic to the
pullback of the cotangent bundle T ∗M along the same map f = π|A : A → M
that we used earlier—and consider tensor products of π∗TM and (π∗TM)∗.

Definition 1.4.2. A Finsler tensor field (or anisotropic tensor field) of type
(k, l) is a section of the tensor bundle

π∗TM ⊗ · · · ⊗ π∗TM︸ ︷︷ ︸
k times

⊗ (π∗TM)∗ ⊗ · · · ⊗ (π∗TM)∗︸ ︷︷ ︸
l times

. (1.19)

The space of smooth Finsler (k, l)-tensor fields will be denoted by T k
l (π∗TM).

Equivalently, a Finsler (k, l)-tensor field T may be regarded as a C∞(A)-multilinear
map

T : (π∗TM)∗ × · · · × (π∗TM)∗︸ ︷︷ ︸
k times

×π∗TM × · · · × π∗TM︸ ︷︷ ︸
l times

→ C∞(A), (1.20)

and locally it can be expressed as

T = T i1...ik j1...jl∂i1 ⊗ · · · ⊗ ∂ik ⊗ dxj1 ⊗ · · · ⊗ dxjl , (1.21)

where the Finsler 1-forms dxi are defined in a way analogous to the Finsler
vector fields ∂i and where the components T i1...ik j1...jl(x, y) are functions on A
that behave in the standard way under coordinate transformations, namely

T̃ i1...ik j1...jl = ∂x̃i1

∂xm1
. . .

∂x̃ik

∂xmk

∂xn1

∂x̃j1
. . .

∂xnl

∂x̃jl
Tm1...mk

n1...nl
. (1.22)

Finally, by convention, we define a Finsler (0, 0)-tensor field to be just a function
f : A → R. Since we will be dealing with Finsler tensor fields a lot, we will
often refer to them simply as tensor fields, and similarly for Finsler vector fields,
etc. To distinguish Finsler tensor fields from conventional tensor fields on M , we
will sometimes refer to the latter as classical tensor fields in case the distinction
is important. Under the relevant identifications, a classical tensor field may be
regarded as a Finsler tensor field whose components depend only on x and not
on y.
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CHAPTER 2

Nonlinear Connections on A ⊂ TM

Nonlinear connections are an essential ingredient in the study of Finsler geom-
etry, as they allow for a generalization of the Levi-Civita connection to Finsler
spaces. The name is somewhat misleading, though, as it is perfectly possible
for a nonlinear connection to be linear. It would be more accurate to call them
not-necessarily-linear connections, but we’ll stick to the standard terminology.
Below we start by briefly recalling the definition of a nonlinear connection in
terms of horizontal distributions and the corresponding notion of parallel trans-
port. Then we discuss the notions of curvature, torsion, and compatibility with a
Finsler metric, and we prove that, given any Finsler metric there exists a unique
homogeneous, torsion-free, and metric-compatible nonlinear connection. We end
the chapter by introducing the dynamical covariant derivative on Finsler tensor
fields.

2.1 Horizontal distributions and parallel transport

2.1.1 Horizontal distributions

A nonlinear (or Ehresmann) connection on a conic subbundle A ⊂ TM , later to
be identified as the domain of a given Finsler metric, is a smooth decomposition
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of the tangent bundle TA into a horizontal and a vertical subbundle1,

TA = HA ⊕ VA, (2.1)

where ⊕ denotes the Whitney sum of vector bundles. The vertical subbundle
VA is canonically defined on any smooth manifold as

VA = ker(dπ) = span
{
∂̄i
}
, (2.2)

in terms of the vertical coordinate vector fields (or vertical derivatives) ∂̄i, but
in general, there is no preferred choice of the horizontal subbundle. A nonlinear
connection is thus simply a specification of this horizontal subbundle HA. In a
given chart, the latter can be represented as

HA = span {δi} , δi ≡ ∂i −N j
i∂̄j , (2.3)

for a collection of smooth functions N i
j(x, y), i, j = 1, . . . , n = dimM on A (or,

strictly speaking, rather on the induced chart on A), known as the connection
coefficients. The δi are called horizontal coordinate vector fields2 or horizon-
tal derivatives. The connection coefficients have the following transformation
behavior under coordinate transformations on M :

Nk
j = Ñ l

i
∂xk

∂x̃l
∂x̃i

∂xj
+ ∂xk

∂x̃l
∂2x̃l

∂xi∂xj
ỹi. (2.4)

Conversely, any choice of smooth local functions N i
j(x, y) satisfying (2.4) defines

a nonlinear connection.
Once a connection has been specified one can introduce the notions of hor-

izontal and vertical vector fields. These are special types of vector fields on A.
We say that a smooth vector field X ∈ X(A) is horizontal and write X ∈ Xh(A)
if X(x,y) ∈ H(x,y)A for all (x, y) ∈ A. Similarly, we say that a smooth vector field
X ∈ X(A) is vertical and write X ∈ Xv(A) if X(x,y) ∈ V(x,y)A for all (x, y) ∈ A.

1For alternative equivalent definitions, see [40] and references therein.
2Note that, strictly speaking, the δi are not themselves coordinate vector fields on TM in

the usual sense of the word (this is prohibited by the Frobenius theorem unless the curvature
of the connection vanishes). The terminology is nevertheless natural here, though, as the δi are
the horizontal lifts of the coordinate vector fields ∂i on M .
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2.1.2 Parallel transport

A nonlinear connection provides a very general means of defining parallel trans-
port of vectors along curves and it leads in particular to the notion of autoparallel
(i.e. ‘straight’) curves. Parallel transport of a vector field V along a curve γ on
M is characterized3 by the requirement that the rate of change V̇ along γ be
horizontal, i.e. V̇ ∈ HA. Here we identify V with the curve t 7→ (γ(t), V (γ(t)))
in A ⊂ TM and hence in general we have

V̇ ≡ d
dtV (γ(t)) = (γ̇1, . . . γ̇n, V̇ 1, . . . , V̇ n) = γ̇i∂i

∣∣
V

+ V̇ i∂̄i
∣∣
V

∈ TTM. (2.5)

We can decompose this as

V̇ (t) = γ̇iδi
∣∣
V

+
(
N i
j(γ, V )γ̇j + V̇ i

)
∂̄i
∣∣
V
, (2.6)

in terms of horizontal and vertical coordinate vector fields and hence V is parallel
transported along γ iff it satisfies the parallel transport equation,

V̇ i +N i
j(γ, V )γ̇j = 0 . (2.7)

Notice that parallel transport can be defined only as long as V (t) stays in A.
An autoparallel curve, or just autoparallel, is a curve whose tangent vector field
is parallel transported along the curve itself. Hence, setting V = γ̇, a curve γ is
an autoparallel if and only if it satisfies the autoparallel equation,

γ̈i +N i
j(γ, γ̇)γ̇j = 0 . (2.8)

Assuming for the moment that A = TM it is easy to see from (2.7) that parallel
transport is linear in V if and only if N i

j is linear in V . Therefore we say that
a connection is linear if its connection components are linear in the tangent
space coordinates, i.e. Nk

i (x, y) = Γkij(x)yj . Even if A is not a linear space, the
condition Nk

i (x, y) = Γkij(x)yj for all (x, y) ∈ A allows one to canonically extend
the nonlinear connection to A = TM , so it still makes sense in this case to say
the connection is linear, hence we will do so. If the connection is linear then,
as a result of (2.4), the functions Γkij are the Christoffel symbols4 of a linear

3Here we follow e.g. [57]. We note that some authors (see e.g. [58]) choose to define parallel
transport in a different way, namely by requiring a priori that parallel transport should be
linear, which then leads to the alternative parallel transport equation V̇ i + N i

j (γ, γ̇)V j = 0,
where γ̇ and V are interchanged in the second term with respect to (2.7). In certain specific
situations, this description has its advantages, but in general, it seems less natural to us.

4Sometimes the term Christoffel symbols is reserved for the connection coefficients of the
Levi-Civita connection. For us, the term will apply to the connection coefficients of any linear
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(Koszul) connection on TM , i.e. an affine connection on M , in the standard
sense. Thus, essentially, a linear nonlinear connection (excuse the terminology)
is nothing but a linear Koszul connection and we will indeed identify the two
whenever no confusion is possible. In such a case, (2.8) reduces to the familiar
autoparallel equation of the corresponding Koszul connection,

γ̈i + Γijk(γ)γ̇j γ̇k = 0 . (2.9)

Similarly, we say that a nonlinear connection is positively homogeneous of degree
1, or simply homogeneous, if Nk

i (x, λy) = λNk
i (x, y) for all λ > 0. This definition

makes sense since A is conic, by definition.

2.2 Curvature, torsion and metric compatibility

It is the goal of this section to introduce the notions of curvature, torsion, and
metric-compatibility for nonlinear connections on A ⊂ TM . To this end, we first
recall the definitions of the horizontal and vertical lift of a vector field. To any
(classical) vector field on the base manifold M , we can assign both a horizontal
and a vertical (classical) vector field on A. The horizontal lift Xh of a vector field
X ∈ X(M) is the horizontal vector field Xh ∈ X(A) defined by linear extension
of ∂i 7→ δi, i.e. if X = Xi∂i then

Xh = Xiδi, (2.10)

where the components Xi are now interpreted as functions of x and y; technically
we should write Xh = (Xi ◦ π)δi but we will usually omit the projection π.
Similarly, the vertical lift Xv ∈ X(A) of X is defined by linear extension of
∂i 7→ ∂̄i, i.e.

Xv = Xi∂̄i. (2.11)

2.2.1 Curvature and torsion

The horizontal and vertical lifts of vector fields on M provide an intuitive way
of understanding the curvature and torsion of a nonlinear connection. The idea
is that the curvature measures the failure of two horizontal (coordinate) vector
fields to commute, while the torsion measures the failure of a horizontal and a
vertical (coordinate) vector field to commute. In other words, we are interested in

connection, to distinguish it from the connection coefficients of a nonlinear connection.

24



2.2. Curvature, torsion and metric compatibility

[δi, δj ] and [δi, ∂̄j ], or more generally, [Xh, Y h] and [Xh, Y v] for anyX,Y ∈ X(M).
The latter two commutators are not tensorial, however. In order to make them
tensorial, that is, C∞(M)-multilinear, we need to modify the expressions in the
following way,

R(X,Y ) = −
(
[Xh, Y h] − [X,Y ]h

)
, (2.12)

T (X,Y ) = [Xh, Y v] − [Y h, Xv] − [X,Y ]v. (2.13)

The tensor fieldsR and T are called the curvature and the torsion of the nonlinear
connection, respectively5 (see e.g. [57]). They are smooth C∞(M)-bilinear maps
X(M) × X(M) → Xv(A). It is easily deduced that their coordinate expressions
are given by

R(∂i, ∂j) = −[δi, δj ] =: Rkij ∂̄k, Rkij = δiN
k
j − δjN

k
i , (2.14)

T (∂i, ∂j) = [δi, ∂̄j ] − [δj , ∂̄k] =: T kij ∂̄k, T kij = ∂̄jN
k
i − ∂̄iN

k
j . (2.15)

If the connection is linear, Nk
i = Γkij(x)yj , then a straightforward calculation

reveals that the expressions above reduce to

Rkij = R̄kℓij(x)yℓ, T kij = Γkij(x) − Γkji(x), (2.16)

in terms of the curvature tensor of the associated affine connection and its Ricci
tensor,

R̄kℓij = ∂iΓkjℓ − ∂jΓkiℓ + ΓkimΓmjℓ − ΓkjmΓmiℓ , R̄lk = R̄ilik, (2.17)

respectively. In other words, we recover the standard expressions for the com-
ponents of the curvature tensor and torsion tensor of a linear connection.

2.2.2 Metric-compatibility

We say that a nonlinear connection is compatible with a Finsler metric, or simply
metric-compatible, if the Finsler Lagrangian L is invariant under parallel trans-
port. Or in other words, if the function t 7→ L(γ(t), v(t)) is constant whenever
v is a vector field that is parallel along a curve γ : t 7→ γ(t). Sometimes this

5The overall minus sign in the definition of the curvature tensor is chosen so as to guarantee
that the curvature tensor reduces to the standard curvature tensor for linear connections in the
special case that the connection is linear.
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Chapter 2. Nonlinear Connections on A ⊂ TM

property is also called weak metric-compatibility6.

Proposition 2.2.1. A nonlinear connection is metric-compatible if and only if
the Finsler Lagrangian L is horizontally constant, i.e. δiL = 0.

Proof. For parallel transport of a vector v along a curve γ(t) in M we have
v̇i +N i

j(γ, v)γ̇j = 0, by (2.7), and hence

d
dtL(γ(t), v(t)) = γ̇i∂iL+ v̇i∂̄iL (2.18)

= γ̇i∂iL−N i
j(γ, v)γ̇j ∂̄iL (2.19)

= γ̇j
(
∂jL−N i

j(γ, v)∂̄iL
)

(2.20)

= γ̇jδjL
∣∣
(γ(t),v(t)). (2.21)

This vanishes for all γ, v if and only if δjL = 0.

In some of the literature on Finsler geometry, an alternative definition of metric-
compatibility is used, namely that ∇Dg = 0 in terms of the dynamical covariant
derivative ∇D to be introduced shortly in Section 2.4. The following result shows
that this definition is equivalent to ours, provided that the nonlinear connection
is assumed to be torsion-free, which it always is in the context of Finsler geometry
(cf. Section 2.3).

Proposition 2.2.2. Let F be a Finsler metric and N a torsion-free, homoge-
neous nonlinear connection on M . Then

δiL = 0 ⇐⇒ ∇Dg = 0. (2.22)

Since the proof is somewhat lengthy and the result will not be used anywhere
else in this dissertation, the proof can be found in Appendix D.1.

2.3 The canonical nonlinear connection

Just as one can assign a canonical linear connection to any pseudo-Riemannian
manifold, the Levi-Civita connection, one can similarly assign a canonical con-
nection to any Finsler manifold, if one is willing to give up linearity. Geodesics,
as we defined them in Section 1.3, can then be understood as autoparallels of this

6In contrast to strong-metric compatibility, which is the property that the fundamental ten-
sor is horizontally constant with respect to the Berwald derivative ∇B induced by the nonlinear
connection, see e.g. [66].
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2.3. The canonical nonlinear connection

canonical connection, and the notions of nonlinear curvature and Ricci curvature
of a Finsler manifold can be defined.

2.3.1 The fundamental lemma of Finsler geometry

The nonlinear connection established by the following theorem is called the
canonical nonlinear connection or the Cartan nonlinear connection. We give
a simple proof in local coordinates. The first intrinsic, coordinate-free proof was
given by Grifone [68], see also [57].

Theorem 2.3.1 (Fundamental lemma of Finsler geometry). Given a Finsler
Lagrangian L defined on A ⊂ TM , there is a unique homogeneous nonlinear
connection on A that is torsion-free and compatible with L. Its connection coef-
ficients are given by

N j
i = 1

4 ∂̄i
[
gjk

(
ym∂m∂̄kL− ∂kL

)]
. (2.23)

Proof. The three desired properties can be stated as follows:

(i) ∂iL−N j
i ∂̄jL = 0 (metric-compatibility);

(ii) ∂̄jN
k
i = ∂̄iN

k
j (torsion-freeness);

(iii) N j
i (x, λy) = λN j

i (x, y), for all λ > 0 (homogeneity).

To prove uniqueness, we have to show that (i)-(iii) imply (2.23). We begin by
differentiating (i) with respect to yk and multiplying by yi and then in the middle
term we apply (ii) followed by (iii) in the form of Euler’s theorem:

0 = yi
(
∂i∂̄kL− ∂̄kN

j
i ∂̄jL−N j

i ∂̄j ∂̄kL
)

(2.24)

= yi∂i∂̄kL− yi∂̄iN
j
k ∂̄jL− yiN j

i ∂̄j ∂̄kL (2.25)
= yi∂i∂̄kL−N j

k ∂̄jL− yiN j
i ∂̄j ∂̄kL. (2.26)

Next, we bring the rightmost term to the left-hand side (LHS), which we rewrite
in terms of the fundamental tensor, and we apply (i) to the right-hand side
(RHS). This yields

2yiN j
i gjk = yi∂i∂̄kL− ∂kL (2.27)
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Chapter 2. Nonlinear Connections on A ⊂ TM

Because gij is nondegenerate, this is equivalent to

2yiN j
i = gjk

(
yi∂i∂̄kL− ∂kL

)
. (2.28)

The last step is to differentiate both sides with respect to yl and apply (ii) and
Euler’s theorem once more. The result, after renaming indices, is (2.23). This
proves uniqueness, and also existence in a local chart, since (2.23) satisfies all
three properties (i)-(iii). Global existence can be verified by checking that the
obtained formula N j

i has the appropriate transformation behavior, namely

Ñk
j = N l

i
∂x̃k

∂xl
∂xi

∂x̃j
+ ∂x̃k

∂xl
∂2xl

∂x̃i∂x̃j
ỹi. (2.29)

This is a little tedious but in principle straightforward.

One can easily check that if L = gij(x)yiyj arises from a pseudo-Riemannian
metric gij then the canonical connection reduces to the Levi-Civita connection
(having Christoffel symbols Γkij) of gij , in the sense that

N j
i = Γjimy

m, Γjmi = 1
2g
jk (∂igkm + ∂mgki − ∂kgmi) . (2.30)

2.3.2 Geodesics and autoparallels

For a general Finsler space, by writing out the term in square brackets in the
expression (2.23) for the nonlinear connection coefficients and using that L =
gij(x, y)yiyj , we find that

gjk
(
ym∂m∂̄kL−∂kL

)
= gjk (2∂ℓgik−∂kgiℓ) yiyℓ = 2γjiℓy

iyℓ = 2Gj , (2.31)

in terms of the geodesic spray coefficients defined in (1.16). The canonical non-
linear connection and the geodesic spray of a Finsler metric are thus related in
the following way:

N j
i = 1

2 ∂̄iG
j , Gj = N j

i y
i, (2.32)

where the latter equation follows by multiplying the former by yi and applying
Euler’s theorem. Moreover, (2.31) yields an expression for the spray directly in
terms of the Finsler Lagrangian and fundamental tensor

Gj = 1
2g
jk
(
ym∂m∂̄kL− ∂kL

)
. (2.33)
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2.4. The dynamical covariant derivative

Computationally, (2.33) often provides the most efficient way of computing the
spray coefficients directly from an explicitly given Finsler metric. Finally, by
combining (2.32), (1.15), and (2.8) we obtain the following important result.

Proposition 2.3.2. The geodesics of a Finsler metric coincide with the autopar-
allels of its canonical nonlinear connection.

2.3.3 Curvatures on a Finsler space

Given a Finsler metric or Lagrangian, we define its nonlinear curvature as the
curvature (2.14) of its canonical nonlinear connection. We further define

Ric = Riijy
j , Rij = 1

2 ∂̄i∂̄jRic. (2.34)

In the literature, Rij is often just referred to as the Ricci tensor, but we will give
it the name Finsler-Ricci tensor to distinguish it from the affine Ricci tensor
that will be introduced later for Berwald spaces. Similarly, we will refer to Ric
as the Finsler-Ricci scalar. From homogeneity and Euler’s theorem, it follows
that the second relation in (2.34) can be inverted as

Ric = Rijy
iyj . (2.35)

Ric and Rij thus contain the same information, and in particular, we have
Ric = 0 if and only if Rij = 0.

2.4 The dynamical covariant derivative

A nonlinear connection induces a so-called dynamical covariant derivative ∇D

that acts on functions f ∈ C∞(A) and Finsler vector fields X ∈ Γ (π∗TM) as

∇Df = yiδif, (2.36)
∇DX = (∇DX)j ∂i, (∇DX)j = yiδiX

j +N j
iX

i, (2.37)

respectively, where X = Xi∂i in local coordinates. With this definition, ∇D

maps functions to functions and Finsler vector fields to Finsler vector fields. As
per standard convention, we will usually omit the brackets in (2.37) and write

∇DX
j ≡ (∇DX)j . (2.38)
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Chapter 2. Nonlinear Connections on A ⊂ TM

We stress that the LHS of (2.38) is not to be interpreted as the dynamical covari-
ant derivative of the component function Xj , but always as the jth component
of the vector field ∇DX. We will adhere to this convention for all expressions of
this type, so that no confusion should be possible as to what is meant.

By requiring certain natural properties such as the Leibniz rule, ∇D extends
uniquely to a dynamical covariant derivative acting on general Finsler tensor
fields in the usual way, e.g.

∇Dgij ≡ (∇Dg)ij = ykδkgij −Nk
i gkj −Nk

j gik. (2.39)

The generalization to higher-order tensor fields should be clear from this example.
Given a tensor field T ∈ T r

s (π∗TM), it follows from the transformation behavior
of the components of ∇DT that the latter is again a (k, l)-tensor field. In other
words, ∇D may be thought of as a map

∇D : T r
s (π∗TM) → T r

s (π∗TM). (2.40)

Lemma 2.4.1. For any f ∈ C∞(TM) we have

∇Df = γ̇kδkf = d
dtf (2.41)

along any geodesic γ(t).

Proof. Along an arbitrary curve γ we have(
d
dtf
)

(γ, γ̇) = γ̇i∂if + γ̈i∂̄if (2.42)

= γ̇i
(
δif +Nk

i ∂̄kf
)

+ γ̈i∂̄if (2.43)

= γ̇iδif +
(
γ̈k + γ̇iNk

i

)
∂̄kf (2.44)

= ∇Df +
(
γ̈k + γ̇iNk

i

)
∂̄kf. (2.45)

If γ is a geodesic then the term in parentheses vanishes and the result follows.

We will see in the Chapter 3 that this result can be extended when Nk
i is the

canonical nonlinear connection of a Finsler space, such that even for tensors
in general, the dynamical covariant can be interpreted as the linear covariant
derivative along geodesics with respect to either of the linear Berwald or Chern-
Rund connection.
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CHAPTER 3

Linear Connections on the Pullback Bundle π∗TM

The canonical nonlinear connection corresponding to a Finsler metric, discussed
in Chapter 2, leads to a characterization of geodesics as autoparallel curves of
this connection, and it allows us to differentiate Finsler tensor fields by means
of the dynamical covariant derivative. Despite its name, the latter is not a
covariant derivative in the usual sense, essentially because it does not allow for
the differentiation along different directions. For various purposes, it is useful
to also introduce a covariant derivative which can be used to do just that; and
the way to do this is to specify a linear (Koszul) connection on the pullback
bundle π∗TM (cf. Section 1.4.1). In contrast to the situation for nonlinear
connections, the choice of such a linear connection—even in the presence of a
Finsler metric—is in general not unique1. We will focus here mostly on the
Berwald and Chern-Rund connections.

3.1 Notation and conventions

Recall that a linear (Koszul) connection on a smooth vector bundle E over M is
an R-linear map

∇ : X(M) × Γ(E) → Γ(E), (X, s) 7→ ∇Xs, (3.1)
1We remark, however, that in the alternative framework of [69], one can single out a unique

so-called (linear) ‘anisotropic connection’, which serves essentially the same purpose.
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Chapter 3. Linear Connections on the Pullback Bundle π∗TM

such that ∇fXs = f∇Xs and ∇X(fs) = (Xf)s + f∇Xs for any f ∈ C∞(M).
Consider now the case where E = π∗TM . Since the base manifold is the conic
subbundle A ⊂ TM , a linear connection on π∗TM is a map

∇ : X(A) × Γ(π∗TM) → Γ(π∗TM), (3.2)

so in a local coordinate basis ∂i ∈ X(M) of TM , with corresponding basis ∂i ∈
Γ(π∗TM) of π∗TM and induced coordinate basis ∂i, ∂̄j ∈ X(A) of TA, we have,
by linearity,

∇∂i
∂j = Γ̃kij∂k, ∇∂̄i

∂j = Γ̄kij∂k, (3.3)

for local functions Γ̃kij , Γ̄kij ∈ C∞(A), called the Christoffel symbols. We have
written a tilde above the first set of Christoffel symbols because these are not
the ones that we will use. Indeed, if there is a nonlinear connection defined on
A then we will usually employ the corresponding horizontal and vertical basis
vectors δi, ∂̄i of TA, thus defining the Christoffel symbols

∇δi
∂j = Γkij∂k, ∇∂̄i

∂j = Γ̄kij∂k. (3.4)

From these definitions, it follows that

∇δi
Xj ≡ (∇δi

X)j = δiX
j + ΓjikX

k (3.5)

∇∂̄i
Xj ≡

(
∇∂̄i

X
)j

= ∂̄iX
j + Γ̄jikX

k. (3.6)

As usual, a Koszul connection on π∗TM as defined above extends uniquely to a
connection on all tensor bundles of π∗TM , and one obtains analogous formulas
for the horizontal and vertical covariant derivatives of arbitrary Finsler tensors.

3.2 Torsion and metric-compatibility

3.2.1 Torsion

Roughly following [67] (and see also [36] for a slightly different but equivalent
approach), given a morphism ρ : TA → π∗TM of vector bundles over A, or
equivalently a (generalized) soldering form2 ω ∈ Ω(A, π∗TM), one can define
a torsion tensor T (ρ) : X(A) × X(A) → Γ(π∗TM) of a linear connection ∇ on

2Sometimes a soldering form on a vector bundle E over M is defined as an E-valued 1-
form ω ∈ Ω(M,E) with the additional property that for each x, ωx : TxM → Ex is a linear
isomorphism. For our purposes the latter property is not necessary, hence the word generalized.
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3.2. Torsion and metric-compatibility

π∗TM by slightly modifying the formula for the torsion of an affine connection
in the following natural way:

T (ρ)(X̃, Ỹ ) = ∇X̃ρ(Ỹ ) − ∇Ỹ ρ(X̃) − ρ([X̃, Ỹ ]), (3.7)

where ρ(Ỹ ) is defined as the Finsler vector field such that ρ(Ỹ )(x,y) = ρ(Ỹ(x,y)).
Note, however, that for different morphisms ρ, this leads to different notions of
torsion. In our case two morphisms are natural. First, let ρ be given by linear
extension of ρ(δi) = ∂i and ρ(∂̄i) = 0. The corresponding torsion will be called
the horizontal torsion and denoted by Thor. It decomposes as

Thor(δi, δj) =
(
Γkij − Γkji

)
∂k, (3.8)

Thor(δi, ∂̄j) = −Γ̄kji∂k, (3.9)
Thor(∂̄i, ∂̄j) = 0. (3.10)

Next, let ρ be given by linear extension of ρ(δi) = 0 and ρ(∂̄i) = ∂i. The
corresponding torsion will be called the vertical torsion and denoted by Tver. It
decomposes as

Tver(δi, δj) = Rkij∂k, (3.11)

Tver(δi, ∂̄j) =
(
Γkij − ∂̄jN

k
i

)
∂k, (3.12)

Tver(∂̄i, ∂̄j) =
(
Γ̄kij − Γ̄kji

)
∂k, (3.13)

where Rkij is the curvature of the nonlinear connection. To avoid confusion we
remark that some authors consider the horizontal Thor to be the torsion of the
linear connection and do not mention the vertical torsion Tver at all. Under that
terminology the well-known Chern-Rund and Berwald connections in Finsler
geometry, to be defined below, would be torsion-free. Their vertical torsions do
in general not all vanish, though.

3.2.2 Metric compatibility

A linear connection ∇ on π∗TM is said to be compatible with a Finsler metric
F , or just metric-compatible, if the fundamental tensor is covariantly constant
with respect to ∇, i.e. ∇g = 0, that is ∇δi

gjk = ∇∂̄i
gjk = 0. One might hope

that it were possible to associate a torsion-free (or at least horizontally torsion-
free), metric-compatible linear connection on π∗TM with any Finsler metric, in
analogy with the Levi-Civita connection. This is not possible, however, unless F
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is pseudo-Riemannian. A slightly weaker notion of metric-compatibility, to which
we will refer as horizontal metric-compatibility, is the property that ∇δi

gjk = 0.
In this case, the fundamental tensor is covariantly constant in all horizontal
directions, but not necessarily in the vertical directions. Similarly, we may define
vertical metric compatibility by the property that ∇∂̄i

gjk = 0.

3.3 Berwald and Chern-Rund connections

We are now ready to introduce two of the much-used linear (Koszul) connections
in Finsler geometry, the Berwald connection and the Chern-Rund connection.
While the latter is always defined in the context of a given Finsler metric, the
Berwald connection can be defined for any nonlinear connectionNk

i , without even
specifying a Finsler metric. But by taking Nk

i to be the canonical torsion-free,
metric-compatible, homogeneous nonlinear connection associated with a Finsler
metric F , we obtain the Berwald connection associated with F . Other important
linear connections in Finsler geometry are the linear Cartan connection and the
Hashiguchi connection. We will mention these only briefly below.

3.3.1 The Berwald connection

Any homogeneous nonlinear connection on A ⊂ TM induces a canonical linear
connection ∇B on π∗TM , known as the Berwald connection, whose Christoffel
symbols are given by

BΓkij = ∂̄jN
k
i ,

BΓ̄kij = 0. (3.14)

By Euler’s theorem, this implies that the nonlinear connection coefficients can
be obtained from the Christoffel symbols of the Berwald connection as

Nk
i = BΓkijyj . (3.15)

Taking into account (2.32) it follows that the Berwald Christoffel symbols can
be expressed as

BΓkij = 1
2 ∂̄i∂̄jG

k (3.16)

in terms of the geodesic spray, and conversely, that

Gk = BΓkijyiyj . (3.17)
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From the expressions (3.8)–(3.13) for the torsions and the definition of the
Berwald connection (3.14) it is clear that one can characterize the Berwald con-
nection as the unique linear connection for which both mixed torsions vanish,
i.e. Thor(δi, ∂̄j) = Tver(δi, ∂̄j) = 0. Note that these requirements imply that the
remaining torsions of the Berwald connection vanish identically as well, except
for the parts Thor(δi, δj) = T kij∂k and Tver(δi, δj) = Rkij∂k, which are given by
the torsion and the curvature of the nonlinear connection, respectively. It is
therefore fair to say that the Berwald connection is the closest to a completely
torsion-free linear connection on π∗TM as one can find in the presence of a given
nonlinear connection.

If Nk
i is the canonical nonlinear connection on a Finsler space then the cor-

responding Berwald connection is called the Berwald connection associated with
the Finsler space, or simply the Berwald connection. In this case (and more
generally in any situation where the nonlinear connection is torsion-free) the
Berwald covariant derivative is related to the dynamical covariant derivative ∇D

in the following way.

Proposition 3.3.1. The dynamical covariant derivative ∇D and the Berwald
connection ∇B, both corresponding to the same homogeneous, torsion-free non-
linear connection, are related by

yk∇B
δk

= ∇D . (3.18)

Proof. We prove the result for the operators acting on a Finsler vector field. The
generalization to general Finsler tensor fields is then straightforward. We have

yk∇B
δk
Xi = yk

(
δkX

i + ∂̄jN
i
kX

j
)

(3.19)

= ykδkX
i + yk∂̄kN

i
jX

j (3.20)
= ykδkX

i +N i
jX

j = ∇DX
i, (3.21)

where we have first used torsion-freeness of the nonlinear connection to switch
the indices j and k, and then Euler’s theorem, using homogeneity of N i

j .

3.3.2 The Chern-Rund connection

Given a Finsler space with fundamental tensor gij , the Chern-Rund connection
∇C is the unique linear connection on π∗TM that is horizontally torsion-free,
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and horizontally metric compatible, i.e.

Thor = 0, ∇C
δi
gjk = 0, (3.22)

where the horizontal torsion is defined using the canonical nonlinear connection
associated with F . One can show that the Christoffel symbols of the Chern-Rund
connection are given by

CΓkij = 1
2g
kℓ (δigℓj + δjgiℓ − δℓgij) , C Γ̄kij = 0. (3.23)

Note that the formula for the horizontal Christoffel symbols is formally identical
to the formula for the Levi-Civita Christoffel symbols with partial derivatives
replaced by horizontal derivatives. Indeed, the proof is also completely analo-
gous to the proof of the formula for the Levi-Civita Christoffel symbols, so we
will not repeat it here. From this expression together with the definition of the
horizontal derivatives and the property (1.11) of the Cartan tensor, it is straight-
forward to show that, just as for the Berwald Christoffel symbols, the geodesic
spray coefficients (1.16) can be expressed in terms of the Chern-Rund Christoffel
symbols as

Gk = CΓkijyiyj = BΓkijyiyj . (3.24)

In fact, for both the Chern-Rund and Berwald connection of a Finsler metric,
we have the stronger result that

CΓikℓyk = BΓikℓyk = N i
ℓ . (3.25)

For the Berwald connection, this follows immediately from (3.15) since the
Christoffel symbols are symmetric. The justification of the equality with the
expression involving the Chern-Rund connection will be postponed to Corol-
lary 4.2.3 (or see [56]). It follows from (3.25) that we can extend the result of
Proposition 3.3.1 for the Berwald connection to the Chern-Rund connection as
well.

Proposition 3.3.2. The dynamical covariant derivative ∇D , the Berwald con-
nection ∇B, and the Chern-Rund connection ∇C , all corresponding to the same
Finsler metric, are related by

yk∇C
δk

= yk∇B
δk

= ∇D . (3.26)

Proof. This follows immediately from the definitions and (3.25).
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Both the Berwald and the Chern-Rund connection will be useful when formu-
lating the field equations of Finsler gravity in Chapter 7. There are two other
notable linear connections in Finsler geometry and although we will not use these
in this dissertation, we will mention them for completeness in the following sum-
mary of the important linear connections on a Finsler space. From this summary,
we see that in order to have better metric compatibility one must sacrifice some
torsion-freeness, and vice versa:

• the Berwald connection is defined uniquely by:

– Thor(δi, ∂̄j) = Tver(δi, ∂̄j) = 0. (‘as torsion-free as possible’)

• the Chern-Rund connection is defined uniquely by:

– ∇δi
gjk = 0. (horizontal metric-compatibility)

– Thor = 0 (horizontally torsion-free)

• the Hashiguchi connection is defined uniquely by:

– ∇∂̄i
gjk = 0. (vertical metric-compatibility)

– Tver(δi, ∂̄j) = Tver(∂̄i, ∂̄j) = 0. (vertically ‘as torsion-free as possible’)

• the (linear) Cartan connection is defined uniquely by:

– ∇δi
gjk = ∇∂̄i

gjk = 0 (full metric-compatibility)

– Thor(δi, δj) = Tver(∂̄i, ∂̄j) = 0 (minimal torsion-freeness contraint).

3.3.3 Covariant derivatives along curves

Given a connection ∇ on π∗TM and a Finsler vector field X ∈ Γ(π∗TM), the
covariant derivative of X along a curve η : I → A, t 7→ η(t) = (γ(t), v(t)) can be
defined in the standard way as

D
DtX

k ≡ ∇η̇X
k = ∇γ̇i∂i+v̇i∂̄i

Xk = γ̇i∇∂i
Xk + v̇i∇∂̄i

Xk, (3.27)

where it is understood that the expressions are evaluated along the curve, i.e. at
(γ(t), v(t)) ∈ A ⊂ TM .

Now let us assume that the covariant derivative is given by either the Chern-
Rund or the Berwald connection on a Finsler space. Expressing the partial
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derivatives in terms of the horizontal and vertical derivatives, and using the
definition (3.4) of the Christoffel symbols together with the fact that Γ̄kij = 0 for
both connections, we obtain

D
DtX

k = γ̇iδiX
k(γ, v) + γ̇iΓkij(γ, v)Xj +

(
v̇i +N i

j(γ, v)γ̇j
)
∂̄jX

k(γ, v) (3.28)

If we further assume that the curve η is the lift to TM of a curve inM (necessarily
γ : I → M), in the sense that v = γ̇, then we find that

D
DtX

k = γ̇iδiX
k(γ, γ̇) + γ̇iΓkij(γ, γ̇)Xj +

(
γ̈i +N i

j(γ, γ̇)γ̇j
)
∂̄jX

k(γ, γ̇) (3.29)

= γ̇iδiX
k(γ, γ̇) +Nk

j (γ, γ̇)Xj +
(
γ̈i +N i

j(γ, γ̇)γ̇j
)
∂̄jX

k(γ, γ̇) (3.30)

= ∇DX
k +

(
γ̈i +N i

j(γ, γ̇)γ̇j
)
∂̄jX

k(γ, γ̇) (3.31)

in terms of the dynamical covariant derivative ∇D introduced in Section 2.4.
Here we have used that yiΓkij = Nk

j for the Chern-Rund as well as the Berwald
connection, i.e. (3.25). Hence if γ is a geodesic, the last term vanishes by the
geodesic equation, and we have D

DtX
k = ∇DX

k. In fact, the calculation done
here for vector fields generalizes to any type of tensor field. Hence we obtain the
following result, which generalizes Lemma 2.4.1.

Proposition 3.3.3. The Berwald and Chern-Rund covariant derivatives along
a geodesic γ are both given by the dynamical covariant derivative

D
Dt = ∇D . (3.32)

We remark, just to be clear, that by the covariant derivative along γ we mean,
strictly speaking, the covariant derivative along its lift η. We immediately have
the following corollary, where covariant constancy refers to covariant constancy
with respect to either (or equivalently, both) of the Chern-Rund and Berwald
connections.

Corollary 3.3.4. A tensor on the pullback bundle is covariantly constant along
geodesics if and only if its dynamical covariant derivative vanishes.

This result will lead to a geometric interpretation of Landsberg spaces in Chap-
ter 4.
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3.4. Geodesic deviation

3.4 Geodesic deviation

Using the properties of the Berwald and Chern-Rund connection developed in
Section 3.3 we are now in a position to formulate the geodesic deviation equation
for geodesics of a Finsler metric, which plays an important role in the ‘derivation
of’—or at least the motivation for—the field equations of Finsler gravity that we
will encounter in Chapter 7.

Consider a smooth 1-parameter family of geodesics along a curve in a Finsler
space M , in the sense that there exist real numbers a < b, c < d and a smooth
map H : (a, b) × (c, d) → M , (s, t) 7→ H(s, t) such that for each fixed value of t
the curve γt : s 7→ H(s, t) is a geodesic. Let u = u(s, t) be the vector field on
M that is tangent to the geodesics, i.e. u = H∗(∂s) = (∂H i/∂s)∂i is the push-
forward of ∂s, and let v be the deviation vector field v = H∗(∂t) = (∂H i/∂t)∂i.
Then it can be shown that the following differential equation is satisfied, known
as the geodesic deviation equation

D2vk

Ds2 +Rki(u)vi = 0, (3.33)

where we have suppressed the x-arguments for clarity (as we will continue to
do below). Here the geodesic deviation operator Rki is given by Rki = Rkijy

j

in terms of the nonlinear curvature Rkij , see (2.14), and D/Ds is the (Chern-
Rund or equivalenly, Berwald) covariant derivative along the geodesic, introduced
in Section 3.3.3. By application of Proposition 3.3.3 and Lemma 2.4.1, this
covariant derivative may be written as

Dvk

Ds
= ∇Dv

k = dvk

ds +Nk
j (u)vj . (3.34)

Hence an alternative but equivalent form of the geodesic deviation equation
(3.33) is given by

∇D
2vk +Rkiv

i = 0, (3.35)

with the understanding that the expression is evaluated at y = u. For a proof of
the geodesic deviation equation, we refer e.g. to [58, §5.7] or [59, §6.1].
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CHAPTER 4

Berwald, Landsberg and Unicorn Metrics

In this last chapter of the preliminaries we discuss two important classes of Finsler
metrics: Berwald metrics and Landsberg metrics. Berwald metrics are central to
Part II of this dissertation, where we investigate the pseudo-Riemannian metriz-
ability of such metrics, and also to Chapter 8 and Chapter 9 in Part III, which
deal with solutions in Finsler gravity of Berwald type. Landsberg metrics are
only slightly more general than Berwald metrics, but the exact meaning of the
word ‘slightly’ here has not completely been settled and is the domain of the
so-called unicorn problem, which we briefly discuss as well. In Chapter 10 we
will employ Landsberg metrics of unicorn type in the context of cosmology to
model a Finslerian expanding universe.

4.1 Berwald metrics

A Finsler space is said to be of Berwald type, or simply Berwald, if the canonical
nonlinear connection (2.23) reduces to a (necessarily smooth) linear connection
on TM , or in other words, an affine connection on the base manifold M , mean-
ing that the connection coefficients are of the form Nk

i = Γkij(x)yj for certain
coefficients Γkij(x). As already alluded to in Chapter 2 it can be inferred from the
transformation behavior of N i

j that the functions Γijk have the correct transfor-
mation behavior to be the Christoffel symbols of a (torsion-free) affine connection
on M . We will refer to this affine connection as the associated affine connection,
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Chapter 4. Berwald, Landsberg and Unicorn Metrics

or simply the affine connection on the Berwald space. Below we specialize some
of the important results obtained in Chapter 2 to the setting of Berwald spaces.

First, the parallel transport (2.7) and autoparallel equations (2.8) reduce in
this case to the familiar equations

V̇ i + Γijk(γ)γ̇jV k = 0, γ̈i + Γijk(γ)γ̇j γ̇k = 0, (4.1)

and indeed the relation between the affine Christoffel symbols and the spray
coefficients is given by (cf. (3.24))

Gi = Γijk(x)yjyk. (4.2)

The curvature tensors of a Berwald space can be written as

Rkij = R̄kℓij(x)yℓ, Ric = R̄ij(x)yiyj , Rij = 1
2

(
R̄ij(x) + R̄ji(x)

)
(4.3)

in terms of the curvature tensor and Ricci tensor, respectively, of the affine
connection, defined by (2.17), i.e.

R̄kℓij = ∂iΓkjℓ − ∂jΓkiℓ + ΓkimΓmjℓ − ΓkjmΓmiℓ , R̄lk = R̄ilik. (4.4)

We will also refer to R̄kℓij and R̄lk as the affine curvature tensor and affine Ricci
tensor, respectively. Since the last identity in (4.3) will prove to be of particular
interest later, we restate it as a lemma.

Lemma 4.1.1. The Finsler-Ricci tensor of a Berwald space is the symmetriza-
tion of the affine Ricci tensor.

It is worth pointing out that in the classical positive definite case with A = TM0,
it is not necessary to symmetrize since in that case the affine Ricci tensor is
always symmetric. This is a consequence, for instance, of Szabo’s metrization
theorem. In other signatures or, more accurately, in cases where A ≠ TM0, the
symmetrization is really necessary. We will come back to these matters in detail
in Chapter 6

Berwald manifolds can be characterized in many equivalent ways, some of
which we state below. We will only sketch the proof of their equivalences. In
Chapter 5 we will encounter an additional equivalent characterization of Berwald
spaces, introduced in [H1], based on an auxiliary pseudo-Riemannian metric.

Theorem 4.1.2. The following are all equivalent characterizations of Berwald
manifolds:

(i) The canonical nonlinear connection of F is linear;
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4.2. Landsberg metrics

(ii) F admits a (necessarily unique) smooth, torsion-free, metric-compatible
affine connection;

(iii) The Christoffel symbols of the Chern-Rund connection do not depend on y,
i.e. CΓkij = CΓkij(x);

(iv) The Christoffel symbols of the Berwald connection do not depend on y, i.e.
BΓkij = BΓkij(x);

(v) The spray is quadratic in y;

(vi) ∂̄j ∂̄k∂̄ℓG
i = 0.

Proof sketch. (i) ⇔ (iv) follows immediately from the definition of the Berwald
Christoffel symbols in terms of the nonlinear connection coefficients, and (iv) ⇔
(v) follows immediately from (3.16) and the 2-homogeneity of Gk. (v) ⇔ (vi)
is obvious. (i) ⇔ (ii) follows from the fact that the canonical connection is
the unique torsion-free metric-compatible homogeneous connection on TM . The
equivalence with (iii) requires some more work and for this, we refer to [56]. For
more detailed proofs of the other equivalences we also refer to [57] and [41].

From the fact that the Berwald and Chern-Rund Christoffel symbols only depend
on x for a Berwald metric, together with the fact that the spray can be expressed
in the same way in terms of both, namely as Gk = Γkij(x)yiyj , cf. (3.17) and
(3.24), and finally the fact that both connections are horizontally torsion-free,
it follows that the Berwald and Chern-Rund Christoffel symbols coincide for
Berwald metrics. Moreover, their horizontal Christoffel symbols coincide with
the Christoffel symbols of the (unique) torsion-free, metric-compatible affine con-
nection.

4.2 Landsberg metrics

We have seen above that for Berwald spaces, the difference between the Berwald
and Chern-Rund connection vanishes. In general, this difference defines a tensor,
called the Landsberg tensor. A Landsberg metric is defined by the property
that this tensor vanishes. In other words, a Landsberg metric is one for which
the Berwald and Chern-Rund connection coincide. But as for Berwald metrics,
there are several equivalent and perhaps more enlightening characterizations of
Landsberg spaces.
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Chapter 4. Berwald, Landsberg and Unicorn Metrics

Definition and Theorem 4.2.1. The Landsberg curvature Sijk tensor is given
by any and each of the following equivalent definitions:

Sjkl = −1
4yi ∂̄j ∂̄k∂̄ℓG

i (in terms of the spray) (4.5)

= gij
(
BΓikℓ − CΓikℓ

)
(Berwald minus Chern-Rund Γ-symbols) (4.6)

= ∇DCjkl (dynamical cov. der. of the Cartan tensor) (4.7)
= −1

2∇B
δj
gkl. (hor. Berwald cov. der. of gij) (4.8)

We do not attempt to give a complete proof of these equivalences here but
refer instead to [56] for details. Clearly, it follows that the Landsberg tensor is
completely symmetric. The mean Landsberg curvature is defined as the trace
Sj = gkℓSjkℓ of the Landsberg tensor and can in particular be expressed as

Sj = ∇DCj = ∇D

(
∂̄j ln

√
| det g|

)
. (4.9)

With Definition and Theorem 4.2.1 we can define the notion of a Landsberg space
as follows:

Definition 4.2.2. A Landsberg space is a Finsler space that satisfies any and
hence each of the following equivalent conditions:

• Sjkl = −1
4yi ∂̄j ∂̄k∂̄ℓG

i = 0

• The Berwald and the Chern-Rund Christoffel symbols coincide

• ∇DCjkl = 0, i.e. the Cartan tensor is covariantly constant along geodesics.

• ∇B
δk
gij = 0, i.e. the fundamental tensor is horizontally constant with re-

spect to the Berwald connection.

The interpretation in terms of covariant constancy (with respect to the Berwald
as well as Chern-Rund connection) along geodesics in the third equivalent condi-
tion is justified by Corollary 3.3.4. As a corollary of Definition and Theorem 4.2.1
we also obtain the following result that we already used in Section 3.3 (see (3.25)),
but the justification of which we had postponed.

Corollary 4.2.3. Both the Chern-Rund and Berwald connection satisfy

CΓikℓyk = BΓikℓyk = N i
ℓ . (4.10)
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Proof. It follows from the Leibniz rule for ∇D , the fact that ∇Dy
k = 0 and the

fact that ykCijk = 0 that yk∇DCijk = 0. It thus follows from the theorem
that ykgij

(
BΓikℓ − CΓikℓ

)
= 0 and it then follows by nondegeneracy of gij that

CΓikℓyk = BΓikℓyk, the latter being equal to N i
ℓ , by (3.15).

Finally, we say that a Finsler space is weakly Landsberg if the mean Landsberg
curvature vanishes. It thus follows immediately from the definitions that we have
the following inclusions:

pseudo-Riemannian ⊂ Berwald ⊂ Landsberg ⊂ Weakly Landsberg.

4.3 The unicorn problem

It has been a long-standing open question whether the inclusion Berwald ⊂
Landsberg is strict. Do there exist Landsberg spaces that are not Berwald? This
question, along with some variations of it, is known as the unicorn problem. For
the important case where the domain is all of A = TM0 the answer is unknown.
If the condition A = TM0 is relaxed, however, some examples of non-Berwaldian
Landsberg spaces have been obtained, but such examples are still exceedingly
rare. As such, non-Berwaldian Landsberg spaces are referred to as unicorns [46].
We recommend [46, 70] for reviews on the unicorn problem.

The first unicorns were found by Asanov [47] in 2006 and his results were
generalized by Shen [48] a few years later. These were the only known examples of
unicorns until Elgendi very recently provided some additional examples [49]. One
of the families of unicorns introduced by Elgendi will be our point of departure in
Chapter 10. In fact, by modifying Elgendi’s metrics slightly in such a way that
they retain the unicorn property, we will find that there exist exact solutions to
Pfeifer and Wohlfarth’s field equation of Finsler gravity, of unicorn type, that
can be interpreted in a cosmological setting.
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Part II

Berwald Spaces and
Pseudo-Riemann Metrizability

47





Introduction to
Part II: Berwald Spaces and Pseudo-Riemann Metrizability

In Part I we have introduced the notion of a Berwald space and reviewed some
of the standard characterizations of such spaces. Here, in Part II, we obtain a
novel characterization of Berwald spaces and use it, among other things, to study
the question of pseudo-Riemann metrizability, i.e. the question of whether the
canonical torsion-free metric-compatible connection on a Berwald space can be
understood as the Levi-Civita connection of some auxiliary pseudo-Riemannian
metric. While a well-known theorem due to Szabo [42] states that this is always
possible in the classical positive definite scenario, the question of metrizability
in other signatures, such as Lorentzian signature, and in scenarios with less
stringent smoothness constraints, is still almost completely unexplored.

Part II starts with Chapter 5, where we present a novel necessary and suf-
ficient condition for a Finsler metric to be of Berwald type and we explore its
consequences. This characterization makes use of an arbitrary auxiliary pseudo-
Riemannian metric, which renders it especially useful in situations with a pre-
ferred pseudo-Riemannian metric. This is the case, for instance, when dealing
with Finsler metrics that are (anisotropically) conformal to a pseudo-Riemannian
metric, or when dealing with (α, β)-metrics. (α, β)-metrics are simply Finsler
metrics constructed from a pseudo-Riemannian metric α and a 1-form β and
such metrics will play a major role throughout both Part II and Part III. In-
deed, we obtain as a corollary a very useful necessary and sufficient Berwald
condition for (α, β)-metrics and we apply this result to several specific cases of
interest: Randers metrics, exponential metrics, and generalized m-Kropina met-
rics, reproducing some well-known results as well as presenting new ones. Our
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generalized m-Kropina metrics are a generalization of the standard m-Kropina
metric; they naturally appear as the most general (α, β)-metrics consistent with
a certain form of the affine connection.

Next, Chapter 6 is devoted to the pseudo-Riemann metrizability of Finsler
metrics in arbitrary signatures. We show that Szabo’s metrization theorem can-
not be extended to arbitrary signatures such as Lorentzian signature. We then
go on to obtain necessary and sufficient conditions for (generalized) m-Kropina
spaces to be locally metrizable, resulting in a complete characterization of locally
metrizable m-Kropina spaces, and a partial characterization of locally metriz-
able generalized m-Kropina spaces. We end the chapter with a classification of
locally metrizable Ricci-flat m-Kropina spaces.
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CHAPTER 5

Characterization of Berwald Spaces

The purpose of this chapter is to provide a novel characterization of Berwald
spaces, Theorem 5.1.1, and explore its consequences, including new results as
well as well-known ones that follow from it particularly easily or that are some-
how relevant to later chapters. As an important application, a major part of the
chapter will be devoted to (α, β)-metrics of Berwald type. Many of the results
discussed here have been published in [H1], albeit in many cases in a substan-
tially different form. In particular, the results are presented here with a height-
ened focus on mathematical rigor. Apart from the applications that we discuss
here, Theorem 5.1.1 has also been used to classify all spatially homogeneous
and isotropic Berwald spacetimes, i.e. Berwald spacetimes with cosmological
symmetry [71, 72].

5.1 The Berwald condition

In [H1] we introduced a new necessary and sufficient condition for a Finsler
metric to be of Berwald type, a condition that employs an auxiliary pseudo-
Riemannian metric. Here we provide an alternative proof to that which is given
in the original paper.

Theorem 5.1.1. Let (M,A, L) be a Finsler space and let A be an auxiliary
pseudo-Riemannian Finsler Lagrangian on M such that L = ΩA on A for some
Ω ∈ C∞(A). Then:
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(i) L is of Berwald type if and only if there exists a smooth symmetric classical
(1, 2)-tensor field T j ik = T jki on M , such that

Aδ̊iΩ = T j iky
k∂̄jL, (5.1)

where δ̊i denotes the horizontal derivative with respect to the Levi-Civita
connection of A.

(ii) If so, the Christoffel symbols of the torsion-free L-compatible affine con-
nection are given by

Γjik = Γ̊j ik + T j ik, (5.2)

where Γ̊j ik are the Levi-Civita Christoffel symbols of A. Moreover the
Christoffel symbols Γjik coincide with the horizontal Chern-Rund as well
as Berwald Christoffel symbols.

Note that given a Finsler Lagrangian L, any positive definite A will do. In that
case there always exists an Ω such that L = ΩA, namely Ω = L/A. However, as
one might expect, the theorem is most useful in situations where there is some
preferred pseudo-Riemannian metric A. Typical examples of this are Finsler
metrics that are (anisotropically) conformal1 to a pseudo-Riemannian metric,
and (α, β)-metrics, which we study in detail in the next two sections. We also
point out that whenever A ̸= 0 the condition (5.1) can be written as

∂iΩ − Γ̊jiky
k∂̄jΩ = T j iky

k
(
∂̄jΩ + 2yjΩ

A

)
, (5.3)

which is how it originally appeared in [H1]. Here indices are lowered with the
metric A.

Proof of Theorem 5.1.1. One of the equivalent characterizations of a Berwald
metric (see Theorem 4.1.2) is that there exists a (necessarily unique) torsion-free
linear connection on TM , with Christoffel symbols denoted by Γkij , compatible
with L, i.e. such that L is horizontally constant with respect to it. Denoting the
corresponding (linear) nonlinear connection by N j

i , this means that

δiL = ∂iL−N j
i ∂̄jL = ∂iL− Γjiky

k∂̄jL = 0. (5.4)
1The adverb ‘anisotropically’ refers to the fact that the conformal factor is allowed to depend

not only on x but also on y.
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5.1. The Berwald condition

After substituting L = ΩA this can be written as(
∂iΩ − Γjiky

k∂̄jΩ
)
A = −Ω

(
∂iA− Γjiky

k∂̄jA
)
. (5.5)

If Γ̊jik denotes the Levi-Civita Christoffel symbols of the metric A, then we can
write Γjik = Γ̊jik + T jik, for some symmetric (in i ↔ k) classical tensor field T jik,
since the difference between two linear connections is necessarily tensorial. Since
Γ̃jik is compatible with A it follows that the term in between brackets on the
RHS of (5.5) reduces to

∂iA− Γjiky
k∂̄jA = ∂iA− Γ̊jiky

k∂̄jA︸ ︷︷ ︸
=0

−T jiky
k∂̄jA = −T jiky

k∂̄jA, (5.6)

and we can rewrite (5.5) as(
∂iΩ − Γ̊jiky

k∂̄jΩ
)
A = T jiky

k
(
A∂̄jΩ + Ω∂̄jA

)
= T jiky

k∂̄jL. (5.7)

Recognizing on the LHS the Γ̊-horizontal derivative of Ω, the first result fol-
lows. Since Γjik = Γ̊jik + T jik, the formula for the Christoffel symbols of the
L-compatible linear connection follows immediately as well, and as discussed
in Section 4.1, these have to coincide with the Chern-Rund as well as Berwald
horizontal Christoffel symbols.

An immediate consequence of the theorem is a characterization of spray invari-
ance under (anisotropically) conformal transformations of a pseudo-Riemannian
metric, first obtained by Tavakol and Van den Bergh [15]. It follows essentially
by setting T jik = 0.

Corollary 5.1.2. Suppose that L = ΩA is a Finsler Lagrangian on A = TM0,
where A is a pseudo-Riemannian metric and Ω ∈ C∞(A). Then the geodesic
spray of L coincides with that of A, i.e. Gk = G̊k = Γ̊kijyiyj, if and only if Ω is
horizontally constant w.r.t. A, i.e.

δ̊iΩ = ∂iΩ − Γ̊bikyk∂̄bΩ = 0. (5.8)

Proof. If the geodesic spray of L coincides with that of A then T jik = 0 and it
follows by the theorem that (5.8) must hold whenever A ̸= 0. Since TM\{A = 0}
is dense in A = TM0 it follows by continuity of δ̊iΩ that (5.8) must in fact hold
everywhere on A. Conversely, suppose that (5.8) holds. Then condition (5.1)
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holds with T j ik = 0. Hence, by the theorem, L is Berwald and the spray of L
coincides with that of A.

5.2 (α, β)-metrics of Berwald type

5.2.1 (α, β)-metrics

One instance in which Theorem 5.1.1 is particularly useful is when dealing with
(α, β)-metrics. Here α =

√
|aij(x)yiyj | and β = bi(x)yi are scalar variables on

TM defined in terms of a (smooth) pseudo-Riemannian metric a = aµνdxµdxν
on M and a (smooth) 1-form b = bµdxµ on M , and an (α, β)-metric is essentially
a Finsler metric that is constructed only from some α and β, i.e. F = f(α, β)
for some function f , or more precisely, F (x, y) = f(α(x, y), β(x, y)). Due to
homogeneity it follows that whenever α ̸= 0 on A any such F can be written in
the standard form F = αϕ(β/α) for a smooth function ϕ. In what follows we
will always tacitly assume that α ̸= 0 on A, which is the case for many examples
of interest. We will therefore work with the following definition.

Definition 5.2.1. An (α, β)-metric is a Finsler metric with domain A not in-
cluding α = 0 that can be written in the form F = αϕ(β/α), where ϕ is smooth
on its domain.

We will often denote β/α by s, so that we can view ϕ as a function of the real
variable s.

In Appendix C we derive an expression (10.1.4) for the fundamental tensor of
a not necessarily positive definite (α, β)-metric and its determinant. From this,
it follows in particular that ϕ never vanishes. In accordance with the notation
used above, we will denote by A = aijy

iyj the Finsler Lagrangian corresponding
to α, or rather to aij . By some abuse of language, we will sometimes refer to
either of α, A, a and aij as the pseudo-Riemannian metric, and to β, b and bi as
the 1-form, and sometimes we will even write expressions such as β = dt and

α =
√

|−dt2 + dx2 + dy2 + dz2|, (5.9)

but the interpretation of such expressions should be clear. We also denote

|b|2 = aijb
ibj , sgn(A) = ϵ. (5.10)

In the presence of an (α, β)-metric, indices will be raised and lowered with aij
unless otherwise specified. Well-known examples of (α, β)-metrics are:
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• pseudo-Riemannian Finsler metrics F = α;

• Randers metrics F = α+ β;

• Kropina metrics F = α2

β ;

• m-Kropina metrics F = α1+mβ−m, where m ∈ R, also known as general-
ized Kropina metrics, Bogoslovsky metrics or Bogoslovsky-Kropina met-
rics.

From a physics perspective, (α, β)-metrics are very relevant as they provide
a means of deforming pseudo-Riemannian metrics α into properly Finslerian
Finsler metrics. And it turns out, as we will see in Part III, that these types of
metrics can in fact be used to generalize some of the solutions to Einstein’s field
equations to properly Finslerian solutions to the field equation in Finsler gravity.

As a quick first application of Theorem 5.1.1 we obtain the following well-
known result (see e.g. [73]), where we denote by ∇̊ the Levi-Civita connection
of α.

Corollary 5.2.2. Let F = αϕ(β/α) and suppose that ∇̊ibj = 0. Then F is
Berwald and the affine connection and geodesic spray of F coincide with those
of α.

Proof. It suffices to show that δ̊iΩ = 0, for in that case condition (5.1) holds
with T j ik = 0, showing F is Berwald with affine connection (and hence geodesic
spray) equal to that of α. We have δ̊iΩ = ∂Ω

∂α δ̊iα+ ∂Ω
∂β δ̊iβ, where δ̊iα = 0 because

A is horizontally constant w.r.t. its own Levi-Civita connection, by definition.
And for any 1-form on M and any (linear) connection, it can easily be checked
that δ̊iβ = (∇̊ibj)yj , and hence in the particular case at hand we also have
δ̊iβ = 0, resulting in δ̊iΩ = 0 and completing the proof.

5.2.2 The Berwald condition for (α, β)-metrics

The general Berwald condition for (α, β)-metrics can be obtained by applying
(5.1) directly to Finsler metrics of the form F = αϕ(β/α). We remind the reader
that ϵ = sgn(A) and that indices are raised and lowered with aij . Hence in what
follows, yi = aijy

j .
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Theorem 5.2.3. An (α, β)-metric F = αϕ(β/α) is of Berwald type if and only
if there exists a smooth tensor field T j ik(x) = T jki(x) on M such that

yj∇̊ibj = T j iky
k
[
bj + ϵ

α

(
ϕ

ϕ′ − β

α

)
yj

]
(5.11)

whenever ϕ′ ̸= 0 and T j iky
kyj = 0 whenever ϕ′ = 0. In that case, the affine

connection is given by

Γjik = Γ̊j ik + T j ik, (5.12)

where Γ̊j ik are the Christoffel symbols of α.

Proof. The Lagrangian corresponding to F reads L = F 2 = ϵAϕ(β/α)2, so we
identify Ω = ϵϕ2, which is smooth on A since this set does not include A = 0,
by assumption. We start by noting that, since δ̊iα = 0, we have

δ̊iΩ = Ω′̊δi

(
β

α

)
= Ω′

α
δ̊iβ = Ω′

α
(∇̊ibj)yj , (5.13)

where Ω′ = dΩ/ds. On the other hand, making use of the identities

∂̄iα = ϵyi
α
, ∂̄is = 1

α

(
bi − βyi

A

)
, (5.14)

a straightforward computation shows that

∂̄jL = Ω′α

(
bj − ϵ

β

α2 yj

)
+ 2ϵΩyj (5.15)

= Ω′αbj + ϵ

(
2Ω − β

α
Ω′
)
yj . (5.16)

Plugging (5.13) and (5.16) into (5.1) yields

αΩ′
(
∇̊ibj

)
yj = T j iky

k
[
Ω′αbj + ϵ

(
2Ω − β

α
Ω′
)
yj

]
. (5.17)

It follows from nondegeneracy and (C.14) that ϕ ̸= 0, and since we are also
assuming that α ̸= 0, we can divide by 2ϵαϕ. Using Ω = ϵϕ2 and Ω′ = 2ϵϕϕ′ the
equation can thus be rewritten as

ϕ′yj∇̊ibj = T j iky
k
[
ϕ′bj + ϵ

α

(
ϕ− β

α
ϕ′
)
yj

]
(5.18)
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and by Theorem 5.1.1, F is Berwald iff (5.18) is satisfied for all (x, y) ∈ A. Now
we distinguish the two cases. If (x, y) is such that ϕ′ ̸= 0 then we can divide by
ϕ′, leading directly to (5.11). If, on the other hand, ϕ′ = 0 then the condition
(5.18) reduces to T j iky

k ϵ
αϕyj = 0, or equivalently, T j ikykyj = Tjiky

kyj = 0.
Note that since the set {ϕ′ = 0} is not necessarily open this does not imply that
T j ik = 0. The formula for the Christoffel symbols follows from (5.2).

This result is closely related to [73, Prop. 6.3.1.1]. In many cases of interest, the
set {ϕ′ = 0} ⊂ A has empty interior or equivalently, the set Ã ≡ A \ {ϕ′ = 0} is
dense in A. In such a scenario it suffices to consider only the situation for points
satisfying ϕ′ ̸= 0.

Theorem 5.2.4. Let F = αϕ(β/α) be an (α, β)-metric such that the set {ϕ′ =
0} ⊂ A has empty interior. Then TFAE:

(i) F is of Berwald type;

(ii) there exists a smooth tensor field T j ik(x) = T jki(x) on M such that (5.11)
holds whenever ϕ′ ̸= 0.

In that case, the affine connection is given by (5.12).

Proof. The implication (i) ⇒ (ii) follows immediately from Theorem 5.2.3. For
the other implication, we start by noting that, since the subset ϕ′ = 0 of A has
empty interior, the set Ã ≡ A \ {ϕ′ = 0} is dense in A. If (5.11) is satisfied
whenever ϕ′ ̸= 0, then F is Berwald on Ã, interpreted as a conic subbundle of
the tangent bundle Tπ(Ã) of π(Ã) ⊂ M . (Note that Ã is a conic subbundle of
TM iff π(Ã) = M .) Indeed, π(Ã) ⊂ M is open since the canonical projection
map π is an open map and Ã is open. Thus, π(Ã) is itself a smooth manifold and
it is easily verified that Ã satisfies all axioms for a conic subbundle of Tπ(Ã).
Moreover, it will be useful to note that π(Ã) ⊂ π(A) = M is dense, as the
continuous image of a dense set.

As we observed above, F is Berwald on Ã. Then ∂̄j ∂̄k∂̄ℓGi = 0 holds on Ã, by
Theorem 4.1.2 and so by continuity of the LHS, we must in fact have ∂̄j ∂̄k∂̄ℓGi =
0 on the closure of Ã (in A), which is just A. But then, by Theorem 4.1.2, F is
Berwald on A. This proves (ii).

We now prove the remaining statement in the theorem. F is Berwald on A,
so by (the proof of) Theorem 5.2.3, there exists a symmetric smooth (classical)
tensor field T̃ j ik on M that satisfies (5.18) everywhere on A. Moreover, the
corresponding affine connection on M is given by Γjik = Γ̊j ik + T̃ j ik. But we also
know that the affine connection on π(Ã) ⊂ M is given by Γjik = Γ̊j ik+T j ik, so by

57



Chapter 5. Characterization of Berwald Spaces

the uniqueness of the affine connection, we must have T̃ j ik(x) = T j ik(x) for all
x ∈ π(Ã). Thus T j ik and T̃ j ik are continuous maps on M that coincide on the
dense subset π(Ã) ⊂ M and as such they must coincide on M . It follows that
the affine connection on all of M is given by Γjik = Γ̊j ik + T j ik, as desired.

We can now extend the result of Corollary 5.2.2 in the opposite direction, repro-
ducing the following well-known result.

Corollary 5.2.5. A properly Finslerian (α, β)-metric has the same spray as α
if and only if ∇̊ibj = 0.

Proof. One direction is given by Corollary 5.2.2. The other direction follows
immediately by setting T = 0 in the Berwald condition (5.11) and performing
a y-derivative, which is possible since the set {ϕ′ ̸= 0} ⊂ A is open and also
nonempty, since the latter would imply that F is pseudo-Riemannian.

5.3 Important classes of (α, β)-metrics

5.3.1 Essential properties of α, α2 and β

Our next goal is to apply Theorem 5.2.3 to some specific (α, β)-metrics, both
obtaining new results and reproducing some standard ones. In order to do so, we
require several lemmas that concern the irrationality of the function α =

√
|A|

and the irreducibly and divisibility of the polynomials A and β, viewed as func-
tions of y. We say that a polynomial is irreducible (or prime) if it cannot be
written as a product of two polynomials both with degree > 0. We will use,
without proof, the well-known result (see e.g. [74]) that the ring of multivariate
polynomials over any field, and in particular over R, is a factorial ring, i.e. a
unique factorization domain (UFD), meaning that any such polynomial can be
expressed uniquely (up to some constants) as a product of irreducible polynomi-
als. In this sense, the irreducible polynomials play a role analogous to that of the
prime numbers in number theory. In particular, this implies that if a product
PQ of polynomials P,Q is divisible by an irreducible polynomial R then either
P or Q must be divisible by R.

Lemma 5.3.1. If a = aijdxidxj is a pseudo-Riemannian metric on M with
dimM > 2 then for any fixed x ∈ M , A = aijy

iyj is an irreducible polynomial
in y.
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Proof. Suppose that A were not irreducible, i.e. that A = PQ, with P,Q two
polynomials of deg > 0. Since degA = 2 this implies that degP = degQ = 1
and we may write P = piy

i and Q = qiy
i, since any constant terms in P,Q would

render the product PQ inhomogeneous, whereas A is homogeneous of degree 2.
Then differentiating A = PQ twice yields 2aij = piqj + qipj . This shows that aij
has at most rank 2, because the image of any vector vi will always be of the form
aijv

j = c1pi + c2qi with c1, c2 ∈ R. Since we’re assuming that dimM > 2 this
implies that a is degenerate and hence not a pseudo-Riemannian metric, which
is a contradiction.

Note that β is irreducible as well since any linear polynomial is.

Lemma 5.3.2. Let a = aijdxidxj be a pseudo-Riemannian metric on M with
n = dimM > 1 and fix x ∈ M . Then the restriction of α =

√
|aij(x)yiyj | to any

open subset in y-space Rn is an irrational function of y.

Proof. Fix some x and suppose that there were some open subset U of y-space
on which α were rational in y, i.e. α = P/Q, with P,Q polynomials in y,
where we will assume without of generality (WLOG) that the fraction P/Q is
in lowest form, i.e. P and Q have no common polynomial divisors of degree
> 0. Then α2 = P 2/Q2. Note that α2 is polynomial on both of the open sets
U± = U ∩ {±aij(x)yiyj > 0}, and that U+ ∪ U− is necessarily nonempty since
otherwise U could not be open. Suppose then WLOG that U+ is nonempty
(otherwise switch the labels U+ and U−).

Since α2 is polynomial on U+, and since α2 = P 2/Q2, it follows that P 2/Q2

must be polynomial on U+ and hence (as a rational function) it must be polyno-
mial on Rn. Since P and Q and hence P 2 and Q2 have no common polynomial
divisors of degree > 0 this implies that Q must be of degree 0, i.e. constant, and
by a redefinition of P we may then WLOG assume that Q = 1. Then α2 = P 2,
and similar to the proof of Lemma 5.3.1 we may write P = piy

i and differentiate
twice to reveal that aij = pipj , which shows that aij has at most rank 1. Since
we’re assuming that dimM > 1 this implies that a is degenerate and hence not
a pseudo-Riemannian metric, which is a contradiction.

The phrase ‘restriction of α to any open subset’ in Lemma 5.3.2 is significant,
since on its whole domain, α =

√
|aij(x)yiyj | would trivially be irrational as a

consequence of the absolute value signs below the square root even if aij were
degenerate. For instance, aij = cicj would lead to α = |ciyi|, which is irrational
on R but rational on its restriction to the open subset ciyi > 0. Such cases are
excluded by the lemma.
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Lemma 5.3.3. Fix x ∈ M with dimM > 2, let c1, c2 ∈ R and consider the
polynomial P = c1A + c2β

2 in y, where β is not identically vanishing at x. If
c1 ̸= 0 then P is not divisible by β and if c2 ̸= 0 then P is not divisible by A.

Proof. Suppose first for contradiction that c2 ̸= 0 and P is divisible by A.
Then c1A + c2β

2 = c3A for some constant c3 and hence c2β
2 = (c3 − c1)A,

which implies, since A is not divisible by β by Lemma 5.3.1, that c3 = c1, which
implies that c2 = 0, contrary to our assumption. Next, suppose for contradiction
that c1 ̸= 0 and P is divisible by β. Then c1A + c2β

2 = βQ for some linear
polynomial Q, which implies that A = 1

c1
(Q − c2β)β and in particular implies

that A can be factorized into linear polynomials. This contradicts Lemma 5.3.1,
hence completing the proof.

5.3.2 Randers metrics and exponential metrics

We now turn to some specific (α, β)-metrics, for which we will deduce, among
other things, the precise Berwald condition, starting with the Randers metric
[75], for which the result is well-known (see e.g. [73]).

Proposition 5.3.4. A Randers metric F = α + β with dimM > 1 is Berwald
if and only if ∇̊ibj = 0. In that case, the affine connection of F coincides with
the Levi-Civita connection of α.

Proof. For Randers metrics we have ϕ(s) = 1 + s, ϕ′(s) = 1, so the Berwald
condition can be written as

yj∇̊ibj − T j iky
kbj = T j iky

k ϵyj
α
. (5.19)

If ∇̊ibj = 0 then the condition is clearly satisfied by T j ik = 0 and hence F is
Berwald. On the other hand, suppose that F is Berwald. Then the LHS of
the Berwald condition is linear and, in particular, is a rational function in y,
so the RHS must be as well. However, as the product of an irrational function
1/α (by Lemma 5.3.2) with a (quadratic and hence) rational function, the RHS
is irrational unless T jikykyj = Tjiky

kyj = 0, which implies, by taking two y-
derivatives, that Tjik + Tkij = 0. (Recall that indices are raised and lowered by
aij , so Tjik = ajlT

l
ik depends only on x.) Christoffel’s trick then shows that

Tjik = 1
2 [(Tjik + Tkij) + (Tikj + Tjki) − (Tkji + Tijk)] = 0, (5.20)
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Hence yj∇̊ibj = 0 and hence ∇̊ibj = 0. The last statement in the proposition
follows immediately from the fact that T kij = 0.

As a second quick application of Theorem 5.2.4 we consider a kind of exponential
(α, β)-metrics given by ϕ(s) = ecs

2/2 for some constant c. To the best of our
knowledge, the following is a new result, first obtained in [H1].

Proposition 5.3.5. If bi is a nowhere vanishing 1-form on M and c ̸= 0 then
F = αec(β/α)2/2 is of Berwald type if and only if ∇̊ibj = 0.

Proof. Since ϕ′(s) = csϕ = 0 iff s = 0 iff β = 0, which cannot hold on an open
neighborhood of a point (x, y) unless bi(x) = 0, the subset {ϕ′ = 0} ⊂ A has
empty interior and we may apply Theorem 5.2.4. The Berwald condition reduces
to

yj∇̊ibj − T j iky
kbj = ϵT j iky

kyj

(
α2 − cβ2

c α2β

)
, (5.21)

whenever β ̸= 0. Now the implication to the left is obvious, for if ∇̊ibj = 0 then
the condition is satisfied with T j ik = 0. Conversely, supposing that F is Berwald,
the linear LHS of the condition implies that the RHS must be linear as well, so
that both α2 and β must be divisors of the polynomial T j ikykyj

(
α2 − cβ2). It

follows by Lemma 5.3.3, however, that neither of these is a divisor of
(
α2 − cβ2).

Hence both α2 and β must be divisors of T j ikykyj , but if T j ikykyj ̸= 0 this is
impossible since the latter is only quadratic and not cubic or higher. We must
therefore have T j ikykyj = 0. Hence, again taking two derivatives and applying
Christoffel’s trick as in the proof of Proposition 5.3.4, we conclude that T j ik = 0.
Then it follows by Corollary 5.2.5 that ∇̊ibj = 0, as desired.

And as a final quick application before we move on to the more intricate case of
generalized m-Kropina metrics, we consider another type of exponential (α, β)-
metric, given by ϕ(s) = ecs. We present it here for the first time.

Proposition 5.3.6. If c ̸= 0 then F = αecβ/α is of Berwald type if and only if
∇̊ibj = 0.

Proof. We start by noting that ϕ′(s) = cϕ ̸= 0, since otherwise the metric would
be degenerate, by (C.14). The Berwald condition can be written as

(ϵcα2)(yj∇̊ibj − T j iky
kbj) + cβT j iky

kyj = αT j iky
kyj . (5.22)
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Again the implication to the left is obvious, so we focus on the implication to
the right. For each x, the LHS is rational in y, whereas the RHS is irrational
unless T j ikykyj = 0, by Lemma 5.3.2. It follows that the equation can only be
satisfied if T j ikykyj = 0. As we have seen twice before now, in the proofs of
Proposition 5.3.4 and Proposition 5.3.5, this implies that T j ik = 0 and hence
that ∇̊ibj = 0, by Corollary 5.2.5.

5.3.3 Generalized m-Kropina metrics

Next, we consider a generalization of the m-Kropina metric that we will refer to
as the generalized m-Kropina metric, given by

F = αϕ(β/α), ϕ(s) = ±s−m(c+ ds2)(m+1)/2, m, c, d = const. (5.23)

Such metrics were first introduced in [H1] as the most general Berwald met-
rics compatible with a particular form of T jik, as will be made precise in Theo-
rem 5.3.12 below, and they reduce to the m-Kropina class whenever ± = +, c = 1
and d = 0 and to the standard Kropina class [76] whenever, additionally, m = 1.
For generalized m-Kropina metrics we will always assume A to be contained in
the subset of TM characterized by s > 0, c+ds2 > 0, in order for any real power
of those expressions to be defined (but note that this is strictly speaking not re-
quired if m is, for instance, an integer). This implies, in particular, that we may
assume without loss of generality that bi is nowhere vanishing since this would
imply that s = 0 at some point in A. We will take this fact for granted in what
follows. Our next main goal is to obtain the Berwald condition for generalized
m-Kropina metrics. To this end, we start with a somewhat technical lemma,
where we set Ã ≡ A \ {ϕ′ = 0}.

Lemma 5.3.7. For a properly Finslerian generalized m-Kropina metric with
dimM > 1 the following are true:

• cm ̸= 0;

• {ϕ′ = 0} ⊂ A has empty interior;

• π(Ã) = M . In particular, Ã is a conic subbundle of TM .

Proof. We have ϕ = ±s−m(c + ds2)(m+1)/2 and ϕ′ = (ds2 − cm)s−1−m(c +
ds2)(−1+m)/2, so ϕ′ = 0 iff ds2 = cm. Note that c ̸= 0 (otherwise F = c1β for
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some constant c1 and the fundamental tensor would be degenerate) and m ̸= 0
(otherwise F would not be properly Finslerian). Hence cm ̸= 0.

We now claim that the set {ϕ′ = 0} ⊂ A has empty interior. This is trivially
true if d = 0, so we focus on the case d ̸= 0. Suppose the claim were false.
Then there would be an open U ⊂ A such that s2 = cm/d for all (x, y) ∈ U , or
equivalently, (biyi)2 = (cm/d)|aijyiyj | for all (x, y) ∈ U . By differentiating twice
this would imply that bibj = ±(cm/d)aij , which is impossible, since the LHS is
degenerate, since dimM > 1, while the RHS is nondegenerate, thus proving the
claim.

Finally, it remains to be shown that π(Ã) = M . Suppose this were not true.
Then there exists x0 ∈ M such that ϕ′(s(x0, y)) = 0 for all (x0, y) ∈ A, which
would imply that (biyi)2 = (cm/d)|aijyiyj | for all (x0, y) ∈ A. Since the set
of y for which (x0, y) lies in the open set A is open, we can perform the same
differentiation argument as before, leading to the contradiction bi(x0)bj(x0) =
±(cm/d)aij(x0). Since Ã is also open and conic, this completes the proof.

Proposition 5.3.8. A properly Finslerian generalized m-Kropina metric F =
αϕ(β/α), ϕ(s) = ±s−m(c + ds2)(m+1)/2 with n = dimM > 2 is Berwald if and
only if there exists a smooth vector field f i(x) on M such that

∇̊ibj = cm(fkbk)aij+(c+ϵd|b|2)fibj−(cm−ϵd|b|2)bifj−ϵd(fkbk)bibj . (5.24)

In that case, the affine connection is given by

Γkij = Γ̊kij + akℓ (fihjℓ + fjhiℓ − fℓhij) , hij := ϵdbibj − cmaij . (5.25)

Whenever |b|2 ̸= 0 and c+ϵd|b|2 ̸= 0, the vector field f i can be expressed explicitly
as

fi = ∂i ln ||b|2|
2(c+ ϵd|b|2) (5.26)

and moreover, in this case, df = 0.

Proof. In view of Lemma 5.3.7 we may apply Theorem 5.2.4, which says that F
is Berwald if and only if there exists a symmetric smooth tensor field T j ik(x) on
M such that the condition

yj∇̊ibj = T j iky
k
(
bj + ϵyj

α

c(1 +m)s
ds2 − cm

)
(5.27)
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is satsfied on Ã, i.e. whenever ϕ′ ̸= 0, or equivalently, ds2 − cm ̸= 0. So suppose
that F is Berwald, i.e. the latter is true. Equation (5.27) is equivalent to

(ds2 − cm)
(
yj∇̊ibj − T j iky

kbj
)

= ϵyj
α
T j iky

kc(1 +m)s, (5.28)

and substituting s = β/α and noting that ϵα2 = A, this is, in turn, equivalent
to

(ϵdβ2 − cmA)
(
yj∇̊ibj − T j iky

kbj
)

= c(1 +m)yjT j ikykβ. (5.29)

Since the RHS is divisible by β, the LHS must be as well. However, since cm ̸= 0,
it follows from Lemma 5.3.3 that the first factor (ϵdβ2 − cmA) of the LHS is not
divisible by β, which is an irreducible polynomial. Hence the second factor
yj∇ibj − T j iky

kbj must be divisible by β for any x ∈ π(Ã). But π(Ã) = M , by
Lemma 5.3.7, so there exists a vector field ℓi on M such that(

yj∇̊ibj − T j iky
kbj
)

= ℓiβ. (5.30)

Note that there is a priori no reason why ℓi should be smooth. Indeed, at this
stage, all we can infer is that the product ℓiβ must be smooth. We will see below
that ℓi does turn out to be smooth, though. The formula above shows on the
one hand, by taking a derivative, that

∇̊ibj = T kijbk + ℓibj , (5.31)

and on the other hand, by plugging the relation back into (5.29), that

(ϵdβ2 − cmA)ℓi = c(1 +m)yjT j ikyk, (5.32)

or equivalently,

T j iky
kyj ≡ Tjiky

kyj = fiH, (5.33)

where ℓi = c(1 + m)fi and H = ϵdβ2 − cmA. We claim that this implies that
fk is smooth. To see this, note that for every x0 ∈ M there is a y0 ∈ Rn such
that (x0, y0) ∈ A and H(x0, y0) ̸= 0. For otherwise we would have H(x0, y) = 0
for all y in some open set, so that, by taking two derivatives, we would obtain
ϵdbibj = cmaij , which is a contradiction as the LHS is degenerate while the
RHS is nondegenerate. Since H is continuous, it follows that there is an open
neighborhood U ⊂ A of (x0, y0) such that H ̸= 0 on U . Then it follows from
(5.33) that fi = (T j ikykyj)/H, viewed as a function of x and y, is smooth on
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U . In particular, fi is smooth at (x0, y0), and since fi only has a dependence
on x, not y, this means that fi is smooth at (x0, y) for any y, and since x0
was arbitrary, that just means that fi is smooth as a function of x and y, and
hence it is smooth as a function on M . Hence fk is smooth, proving the claim.
Furthermore, taking two derivatives of (5.33) shows that

1
2 (Tjik + Tkij) = fihjk, hij := ϵdbibj − cmaij , (5.34)

and using Christoffel’s trick, we find that

Tjik = 1
2 [(Tjik + Tkij) + (Tikj + Tjki) − (Tkji + Tijk)] (5.35)

= fihjk + fkhij − fjhik. (5.36)

Plugging this into (5.31), we find that

∇̊ibj = cm(fkbk)aij + (c+ ϵd|b|2)fibj − (cm−ϵd|b|2)bifj − ϵd(fkbk)bibj . (5.37)

Thus what we have shown so far is that if F is Berwald then this condition must
be satisfied on Ã for some smooth vector field fk on M . But since the equation
does not depend on y anymore and since π(Ã) = M , the condition must in fact
hold for all x ∈ M . Conversely, if this condition is satisfied for some smooth
vector field fk on M and all x ∈ M then it is straightforward (although a little
tedious) to check that (5.27) is satisfied on Ã. This proves the ‘if and only
if’ statement of the theorem. The formula for the Christoffel symbols follows
directly from (5.36) by raising the first index.
Next, in order to derive the explicit formula for fi, we contract (5.24) with bj ,
leading to

1
2∂i|b|

2 = (c+ ϵd|b|2)|b|2fi, (5.38)

which leads to the desired formula provided that |b|2 ̸= 0 and c + ϵd|b|2 ̸= 0.
Finally, it is now easy to check that ∂ifj = ∂jfi, meaning that f is in this case
necessarily closed, df = 0.

In the special case where the 1-form is known to be closed the Berwald condition
simplifies considerably.

Proposition 5.3.9. A properly Finslerian generalized m-Kropina metric F =
αϕ(β/α), ϕ(s) = ±s−m(c + ds2)(m+1)/2 with closed 1-form β and with n =
dimM > 2 is Berwald if and only if there exists a smooth function p : M → R
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such that

∇̊ibj = p
{
cm|b|2aij +

[
c(1 −m) + ϵd|b|2

]
bibj

}
(5.39)

In that case, the affine connection is given by

Γkij = αΓkij + p
[
ϵdbibjb

k − cm
(
biδ

k
j + bjδ

k
i − bkaij

)]
. (5.40)

Conversely, if (5.39) holds then β is closed.

Proof. F is Berwald iff the Berwald condition (5.24) holds for some smooth fk.
The Berwald condition implies that (db)(∂i, ∂j) = ∂ibj − ∂jbi = ∇̊ibj − ∇̊jbi =
c(1 + m)(fibj − fjbi), so since bi is closed, this expression vanishes and hence
fibj = fjbi must hold for all i, j, which is only possible if fi is proportional to
bi in the sense that fk = pbk for some function p on M (this can be checked
easily at any given point in M by choosing coordinates in which bi has only one
nonvanishing component at that point). In this case (5.24) reduces to (5.39) and
(5.25) reduces to (5.40). Moreover, since fk is smooth, pbk must be smooth, and
this implies that p is smooth whenever bk ̸= 0, and since bk is nowhere vanishing,
this implies that p is smooth on M . The opposite holds trivially as well: (5.39)
implies that ∂ibj − ∂jbi = ∇̊ibj − ∇̊jbi = 0 and hence β is closed.

The Berwald condition for m-Kropina spaces follows immediately by setting
± = +, c = 1, d = 0. Again, under the additional assumption that the 1-form is
closed, this condition simplifies considerably.
Corollary 5.3.10. Let F = α1+mβ−m be a properly Finslerian m-Kropina met-
ric on a manifold M with dimension greater than two.

• F is of Berwald type if and only if there exists a smooth vector field f i on
M satisfying

∇̊jbi = m(fkbk)aij + bifj −mfibj . (5.41)

In this case, the affine connection is given by

Γℓij = Γ̊ℓij +maℓk (aijfk − ajkfi − akifj) . (5.42)

• If β is closed, then F is Berwald if and only if there exists a smooth
function c : M → R such that

∇̊jbi = c
[
m|b|2aij + (1 −m)bibj

]
, (5.43)
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In this case, the affine connection is given by

Γℓij = Γ̊ℓij +mc
(
aijb

ℓ − δℓjbi − δℓi bj
)
, (5.44)

• Conversely, (5.43) implies that β must be closed.

The condition (5.41) has also been obtained in [73] under the assumptions |b|2 ̸= 0
(essentially replacing our assumption that dimM > 2) and A > 0. The less
general condition (5.43) was obtained in [44], where it was believed to be the
general Berwald condition due to some details that were overlooked. In our paper
[H3] we identified the error in the proof in [44] and corrected it; we refer to [H3]
for the details of that discussion. We remark that our c in (5.43) is related to
C(x) in [44] by C(x) = (1 +m)c/2 and that our power m is related to the power
n in [44] by n = −2m/(1 +m).

Our next aim is to prove Theorem 5.3.12, which may be viewed in some sense
as a generalization of Corollary 5.2.5. It shows that generalized m-Kropina
metrics are the most general (α, β)-metrics that are consistent with a certain
form of the affine connection. In the version of the theorem we prove below,
we will assume that ϕ′ ̸= 0 on A. However, this assumption is superfluous
and the theorem can be proven also without it. Since the proof below is already
quite lengthy, we ignore such generalizations for the moment and refer instead to
Appendix D.2 for details. In what follows, we will denote by s both the function
s : (x, y) 7→ s(x, y) = β(x, y)/α(x, y) as well as its function values s ∈ R. So we
will write, for instance, that s ∈ s(U) if the value s lies in the image of the set U
under the function s. Moreover, if A ⊂ X is a subset of a topological space X,
we will denote by A0 and A its (topological) interior and closure, respectively.
We start with a technical but important lemma.

Lemma 5.3.11. Suppose that bi is nowhere vanishing. If U ⊂ A is open and
connected then the image s(U) is an interval with nonempty interior and hence
it satisfies, in particular, s(U) ⊂ s(U)0 \ C for any finite set C.

Proof. Since U is connected and s continuous, s(U) is a connected subset of
R and hence it is an interval s(U) = I ⊂ R. Furthermore, it is an interval
containing more than one point. For suppose it contained only one point s0.
Then we would have β2 = s0α

2 = s0|A| for all (x, y) ∈ U . Now fix some x0
such that (x0, y) ∈ U and define V± = {y ∈ Rn : (x0, y) ∈ U,±A(x0, y) > 0}.
Then at least one of V+ and V− is open and nonempty. Assume WLOG that V+
is open and nonempty. Then β(x0, y)2 = s0A(x0, y) for all y ∈ V+ and hence
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this equation between polynomials must hold for all y ∈ Rn. Since 0 ̸= A, by
assumption, s0 ̸= 0. But then s−1

0 β(x0, y)2 = A(x0, y) and so A is divisible
by β, contradicting Lemma 5.3.1. Hence I is an interval that contains at least
two points and as such, the interior I0 of I must be a nonempty open interval.
Removing a finite set of points C from I0 thus yields a union I0\C = ∪kj=1(aj , bj)
of open intervals with

a1 < b1 = a2 < b2 = a2 < · · · < bk−1 = ak < bk. (5.45)

It is then clear that I0 \ C = [a1, bk] and hence that I ⊂ I0 \ C, completing the
proof.

As a result, if some ODE for ϕ(s) is satisfied for all s ∈ s(U) \ C, where U ⊂ A
is open and C a finite set, then the ODE may be solved (explicitly) on the open
set s(U)0 \ C using standard methods, and this uniquely determines ϕ on all of
s(U) by continuous extension.

Theorem 5.3.12. Let F = αϕ(β/α) be a properly Finslerian (α, β)-metric with
dimM > 2. Suppose furthermore that A is connected and that ϕ′ ̸= 0 on A.
Then TFAE:

(i) F is Berwald and there exist nowhere vanishing λ, ρ, σ ∈ C∞(M) such that

T kij = λbkbibj + ρ
(
biδ

k
j + bjδ

k
i

)
+ σbkaij ; (5.46)

(ii) β is closed and there are nonvanishing constants c, d,m and a nowhere
vanishing p ∈ C∞(M) such that

ϕ(s) = ±s−m(c+ ds2)(m+1)/2 (5.47)

∇̊ibj = p
{
cm|b|2aij +

[
c(1 −m) + ϵd|b|2

]
bibj

}
(5.48)

In that case ρ = −σ = −cmp and λ = ϵdp.

Proof. Assuming (ii) then, according to Proposition 5.3.9, F is Berwald and the
affine connection is given by (5.40) and from this we infer that T kij is clearly of
the form (5.46) with λ = ϵdp and ρ = −σ = −cmp. Next, suppose that (i) holds.
Then the Berwald condition (5.11) must be satisfied on all of A (since ϕ′ never
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vanishes) with T kij given by (5.46), in which case this condition reduces to

yj∇̊ibj = λ|b|2βbi + 2ρβbi + σ|b|2yi + ϵψ

α

(
λβ2bi + ρ(βyi +Abi) + σβyi

)
,

(5.49)

where ψ = ϕ/ϕ′ − s. We can write this also as

yj∇̊ibj −
(
λ|b|2βbi + 2ρβbi + σ|b|2yi

)
= ϵψ

α

(
λβ2 + ρA

)
bi + ϵψ

α
(ρ+ σ)βyi,

(5.50)

where we have collected all manifestly linear terms on the LHS and grouped the
RHS by a bi term and a yi term. Since the LHS is linear, the RHS must be so
as well, and in fact, by Lemma B.0.2 this can only be achieved if both terms on
the RHS are linear, i.e. if ϵψ

α (ρ+ σ)β is independent of y and if ϵψ
α

(
λβ2 + ρA

)
is linear. Since A = 0 is excluded, by definition, from A and since A has only
a single connected component, by assumption, A must be contained in one of
the open sets A > 0 or A < 0. And that, in particular, implies that ϵ = sgn(A)
is just a constant on A. Thus we need ψ

α (ρ+ σ)β to be independent of y and
ψ
α

(
λβ2 + ρA

)
to be linear.

Step 1) Claim: ρ = −σ
First we consider the yi term, which is linear in y iff ψ (ρ+ σ)β/α is independent
of y. The only way this can be true, assuming F is properly Finslerian, is if
ρ = −σ. To see this, suppose that ρ ̸= −σ. Then we must have ψβ/α = ψs =: ℓ
where ℓ is a priori a function of x, but since the LHS depends only on s, ℓ must
actually be constant. Hence ψ = ϕ/ϕ′ − s = ℓ/s for all (x, y) ∈ A with s ̸= 0. As
a differential equation in the variable s this must hold for all s ∈ s(A)\{0}. Since
A is open and connected, we can apply Lemma 5.3.11 and its consequences: we
can integrate the differential equation for ϕ(s) on the interior of s(A) \ {0} and
then extend the solution by continuity to all of s(A), i.e. for all relevant values
of s.

We will now apply this scheme. Assuming WLOG that ℓ ̸= 0 (for oth-
erwise ϕ − sϕ′ = 0 and det gij = 0, by (C.14)) we integrate to find ln |ϕ| =∫

(s+ ℓ/s)−1 ds = ln(|c(ℓ + s2)|)/2, where c is an integration constant. Then
ϕ =

√
c(ℓ+ s2) for s in the interior of s(A) \ {0}, and by the argument given

above, ϕ must in fact have this form for all relevant values of s. Hence F 2 =
α2ϕ2 = c(ℓα2 + β2) is pseudo-Riemannian. This is excluded in the premise of
the theorem and hence it is a contradiction, so we must indeed have ρ = −σ.
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Step 2) Deriving an ODE in s
Next, we consider the bi term, setting σ = −ρ. This term is linear iff the
coefficient of bi is linear, which is the case iff

∂̄i∂̄j

[
ψ

α

(
λβ2 + ρA

)]
= 0. (5.51)

For the first derivative, we have

∂̄i

[
ψ

α

(
λβ2 + ρA

)]
= ψ′∂̄is

α

(
λβ2 + ρA

)
− ψ

α2 ∂̄iα
(
λβ2 + ρA

)
(5.52)

+ ψ

α
(2λβbi + 2ρyi) (5.53)

= ψ′

α2

(
bi − βyi

A

)(
λβ2 + ρA

)
− ϵψyi

α3

(
λβ2 + ρA

)
(5.54)

+ ψ

α
(2λβbi + 2ρyi) (5.55)

= 1
α2

[
−
(
βψ′

A
+ ϵψ

α

)(
λβ2 + ρA

)
+ 2αρψ

]
yi (5.56)

+ {bi terms}, (5.57)

where we have used the identities

∂̄iα = ϵyi
α
, ∂̄is = 1

α

(
bi − βyi

A

)
, (5.58)

and separated the yi and the bi parts, the latter of which are irrelevant. The
reason for this is the following. By inspecting the situation (or working it out
exactly) it is clear that the second derivative in (5.51) will be of the form faij +
ghij , where f, g are functions and hij is a linear combination of bibj , biyj , yibj
and yiyj . Hence hij has at most rank 2, which is strictly less than the rank of
aij . That means that (5.51), i.e. the equation faij + ghij = 0, can only hold
if f = 0, for otherwise we could write aij = (g/f)hij and aij and hij would
have the same rank. It turns out that it suffices for what we aim to prove to
consider this coefficient f , as we will see shortly. Differentiation of the bi terms
in (5.57), however, will never yield terms proportional to aij . In fact, the only
way we get terms proportional to aij is by directly differentiating yi in (5.57). No
other terms resulting from the product rule are proportional to aij either. This
simplifies this calculation enormously because it means that in order to get the
aij-coefficient f from (5.57) we effectively need only replace yi by its derivative
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∂̄jyi = aij to obtain

∂̄i∂̄j

[
ψ

α

(
λβ2 + ρA

)]
= (5.59)

1
α2

[
−
(
βψ′

A
+ ϵψ

α

)(
λβ2 + ρA

)
+ 2αρψ

]
aij + ghij . (5.60)

As we argued above, the vanishing of this implies that we must have

0 = 1
α

[
−
(
βψ′

A
+ ϵψ

α

)(
λβ2 + ρA

)
+ 2αρψ

]
(5.61)

= −
(
sψ′

ϵα2 + ϵψ

α2

)(
λβ2 + ρA

)
+ 2ρψ (5.62)

= −ϵ
(
sψ′ + ψ

) (
λs2 + ρϵ

)
+ 2ρψ, (5.63)

or, after rewriting,

ψ′

ψ
= η − s2

s(s2 + η) , η ≡ ϵρ/λ, (5.64)

whenever s ̸= 0 and s2 + η ̸= 0. Note that ψ never vanishes for otherwise
ϕ−sϕ′ = 0 and det gij = 0, by (C.14). As before, since the LHS depends only on
s, the RHS should also not depend on x explicitly, which implies that η, which is
a priori a function on M , should actually be a constant2. Hence (5.64) is an ODE
for ψ(s) that should be satisfied for all for all s ∈ K ≡ s(A) \ {

√
−η, 0,−

√
−η}.

Step 3) Solving the ODE to obtain ϕ(s)
In analogy with how we solved the differential equation for ϕ in step 1 of this
proof, this one is solved uniquely, for all s ∈ K0, by

ψ = c̃s

s2 + η
, (5.65)

where c̃ is an integration constant. We find ϕ on K0 via ψ = ϕ/ϕ′ − s. This can
2We can invert (5.64) to obtain η as a function of s, except for values of s that satisfy

ψ + sψ′ = 0, which can only constitute a set with empty interior, for otherwise F would be
pseudo-Riemannian. Hence, by continuous extension, the formula for η(s) must also hold on
this set.
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now be written as

ϕ′

ϕ
=
(

c̃s

s2 + η
+ s

)−1
= ds2 − cm

ds3 + cs
, (5.66)

where we have introduced an arbitrary constant d and defined c = d(c̃+ η) and
m = −dη/c = −η/(η + c̃). This is uniquely solved by

ϕ(s) = d̃s−m(c+ ds2)(m+1)/2, (5.67)

where we may absorb the integration constant d̃ (up to sign) into c and d. Hence
ϕ attains the desired form

ϕ(s) = ±s−m(c+ ds2)(m+1)/2 (5.68)

for all s ∈ K. Once again, by Lemma 5.3.11, we can extend the solution by
continuity to all relevant values of s. In other words, ϕ has the form (5.68) for
all relevant values of s, as desired. In principle, the constants c, d,m and the
sign ± could have different values on different connected components of s(A),
but since A is assumed to be connected, s(A) is also connected and hence the
constants and the sign are actually fixed over all of s(A).

Step 4) The condition on ∇̊ibj
Finally we substitute the form (5.65) of ψ and the relation between ρ, σ and λ
into the Berwald condition (5.50), leading to

yj∇̊ibj =
(
λ|b|2βbi + 2ρβbi + σ|b|2yi

)
+ ϵλc̃βbi, (5.69)

from which we can infer by differentiation that for ∇̊ibj is symmetric under i ↔ j.
This implies that the 1-form β is closed and hence, by Proposition 5.3.9, that
the desired Berwald condition holds. This completes the proof.

Remark 5.3.13. As a consistency check for the last part of the proof, we may
also derive the desired Berwald condition directly from (5.69). We note that the
definitions of c and m in terms of c̃ and η above may be inverted as c̃ = c(1+m)/d
and η = −mc/d. Using also the relations between λ, ρ, σ, we find that (5.50) turns
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into

yj∇̊ibj =
(
λ|b|2βbi + 2βbi + σ|b|2yi

)
+ ϵλc̃βbi (5.70)

=
(
λ|b|2βbi + 2ϵηλβbi − ϵηλ|b|2yi

)
+ ϵλ

c(1 +m)
d

βbi (5.71)

= λ

[(
|b|2 + 2ϵη + ϵ

c(1 +m)
d

)
βbi − ϵη|b|2yi

]
(5.72)

= λ

[(
|b|2 − 2ϵmc

d
+ ϵc(1 +m)

d

)
βbi + ϵmc

d
|b|2yi

]
(5.73)

= λ

[(
|b|2 + ϵc

d
(1 −m)

)
βbi − ϵ

−mc
d

|b|2yi
]
, (5.74)

from which we can infer by differentiation that

∇̊ibj = ϵλ

d

{[
ϵd|b|2 + c (1 −m)

]
bibj +mc|b|2aij

}
, (5.75)

which is precisely (5.48) provided we identify p = ϵλ/d.

We now turn to an explicit nontrivial example of a class of Berwald spaces that
will turn out to be more general than it may seem, as we will see shortly in
Proposition 5.3.15. We will come back to the special case where F is m-Kropina
(i.e. c = 1, d = 0) in detail in the next chapter. In what follows we will use the
convention that indices i, j . . . run from 1 to n, whereas indices a, b . . . run from
3 to n.

Example 5.3.14 (A family of generalized m-Kropina spaces of Berwald type).
Consider a generalized m-Kropina metric

F = αϕ(β/α), ϕ(s) = ±s−m(c+ ds2)(m+1)/2, (5.76)

with m ̸= 1, α given by

a = −2dudv +H(u, v, x) du2 + 2Wa(u, x) dxadu+ hab(u, x) dxadxb, (5.77)

and 1-form β = du, expressed in coordinates (u, v, x) := (u, v, x3, . . . , xn), where
H, Wa, a = 3, . . . n are arbitrary smooth functions and hab is a pseudo-Riemannian
metric of dimension n−2. In the special case that hab and hence aij is Lorentzian,
metrics of the form (5.77) are known as Kundt metrics [77, 78, 79], see also Ap-
pendix A.1. The 1-form β is null w.r.t. α and the only (possibly) nonvanishing
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component of the covariant derivative of β is:

∇̊ubu = −1
2∂vH . (5.78)

Hence condition (5.39) is satisfied with |b|2 = 0 and p = −∂vH/2c(1 − m) and
hence this geometry is Berwald. The affine connection is determined by the
tensor T kij, which is of the form (5.46) with coefficients given by

λ = −ϵd
2c(1 −m)∂vH, ρ = −σ = m

2(1 −m)∂vH. (5.79)

In fact, as shown by the following proposition, this example exhausts essentially
all possible generalized m-Kropina spaces of Berwald type with closed null 1-
form.

Proposition 5.3.15. Let F = αϕ(β/α), ϕ(s) = ±s−m(c + ds2)(m+1)/2 be a
generalized m-Kropina space with n > 2, m ̸= 1 and suppose that β is a closed
null 1-form. TFAE:

(i) F is Berwald

(ii) ∇ibj = p bibj for a smooth function p;

(iii) F is given, locally, by the Finsler metric of Example 5.3.14;

In this case p = −1
2∂vH and

Γℓij = αΓℓij + mp

1 −m

(
aijb

ℓ − δℓjbi − δℓi bj
)
. (5.80)

Proof. Setting |b|2 = 0 in Proposition 5.3.9 it follows that F is Berwald iff there
exists a smooth function p on M such that ∇̊ibj = pc(1 − m)bibj . Since c ̸= 0
by Lemma 5.3.7, and since we have assumed that (1 −m) ̸= 0, this is equivalent
to condition (ii), proving the equivalence between (i) and (ii). The implication
(iii)⇒(ii) is provided by Example 5.3.14, and finally, the implication (ii)⇒(iii)
follows by Lemma 5.3.16 below.

In contrast to most of the results in the chapter, Proposition 5.3.15 as well as
Lemma 5.3.16 below are based on [H3] rather than [H1].

Lemma 5.3.16. Let n > 2 and let a be a pseudo-Riemannian metric and b a
nowhere vanishing 1-form. If |b|2 = 0 and ∇̊ibj = p bibj for some function p then
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around each point in M there exist local coordinates (u, v, x3, . . . , xn) such that
b = du and

a = −2dudv +H(u, v, x)du2 + 2Wa(u, x)dudxa + hab(u, x)dxadxb, (5.81)

with h some pseudo-Riemannian metric of dimension n− 2, and p is then given
by p = −1

2∂vH.

Proof. Because ∇̊ibj is symmetric, b is closed and hence locally exact, and, since
|b|2 = 0, by assumption, it follows by Proposition A.1.1 that the metric a can be
written in the form

a = −2dudv +Hdu2 + 2Wbdudxb + hbcdxbdxc. (5.82)

It remains to be shown that the functions Wa and hab do not depend on coordi-
nate v. To this end, we employ on the one hand the condition ∇̊ibj = p bibj =
p δui δ

u
j expressed in our preferred coordinates, and on the other hand the expres-

sion for ∇̊ibj computed explicitly in the preferred coordinates. Using the fact
that bi = δui and aui = −δiv and aiv = 0, we find after a straightforward compu-
tation that the latter is given by ∇̊ibj = −1

2
∂aij

∂v , thus leading to the requirement
that

p δui δ
u
j = −1

2
∂aij
∂v

. (5.83)

Plugging in the explicit form of aij in our preferred coordinates, this leads to

p = −1
2∂vH, ∂vWa = ∂vhab = 0, (5.84)

as desired.

As a final remark, we note that some of the results obtained in this chapter
for Berwald spaces can easily be generalized to so-called generalized Berwald
spaces, defined by the property that they admit a (not necessarily torsion-free)
metric-compatible affine connection. The only difference is that in that case, T kij
need not be symmetric in i ↔ j, as it has to be for Berwald spaces. We note,
however, that we have applied Christoffel’s trick in some of the proofs, which is
based precisely on this symmetry, so these parts will not necessarily generalize
immediately.
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CHAPTER 6

Pseudo-Riemann Metrizability

Given a Finsler space of Berwald type, the Cartan nonlinear connection de-
fines a linear connection on TM that is, by definition, torsion-free and metric-
compatible. The natural question thus arises whether there exists a pseudo-
Riemannian metric that has this connection as its Levi-Civita connection. Sim-
ply put, is (the affine connection on) every Berwald space metrizable? For posi-
tive definite Finsler spaces defined on A = TM0 this is indeed the case, as was
first shown by Szabo.

Theorem 6.0.1 (Szabo’s Metrization Theorem [42]). Any positive definite
Berwald space with A = TM0 is metrizable by a Riemannian metric.

The proofs of this theorem [42, 80] rely on procedures such as averaging [81] over
the indicatrix Sx = {(x, y) ∈ TxM : F (x, y) = 1} for which it is essential that
the Finsler metric F is sufficiently smooth and defined everywhere on A = TM0.
In the case of Finsler metrics of indefinite signature, however, the domain where
F is defined is typically only a proper subset of TM0 and hence the proofs do
not extend to this case. And even if A = TM0, the fact that the indicatrix is
not compact in indefinite signatures poses problems.

It was shown in [H2] that Szabo’s metrization theorem is indeed not valid
for Finsler spaces in the general sense of our Definition 1.2.3, and in [H3] the
situation was further investigated and necessary and sufficient conditions for
(local) metrizability were obtained in the specific case of m-Kropina spaces with
closed null 1-form. In this chapter we establish these results and expand on

77



Chapter 6. Pseudo-Riemann Metrizability

them considerably, covering not only m-Kropina metrics but also generalized
m-Kropina metrics, and arbitrary 1-forms.

The culprit behind all known counterexamples to Szabo’s theorem is the fact
that the affine Ricci tensor is in general not symmetric. This property, symmetry
of the affine Ricci tensor, is clearly a necessary condition for metrizability, and
we will see that for all specific metrics investigated here, this is in fact also a
sufficient condition, at least locally. In other words, if the affine Ricci tensor is
symmetric then any point in M has a neighborhood on which the geometry is
metrizable. This property is called local metrizability, and it will be the main
focus of this chapter. In what follows we will thus use the following definition.

Definition 6.0.2. A Berwald space with underlying manifold M is said to be
locally metrizable if each point in M has a neighborhood that admits a pseudo-
Riemannian metric whose Levi-Civita connection coincides with the affine con-
nection restricted to that neighborhood.

After establishing the necessary and sufficient conditions for local metrizability,
we classify all locally metrizable and Ricci-flatm-Kropina metrics in (1+3)D, and
we discuss the implications for vacuum solutions to the field equations in Finsler
gravity. But before we turn to these specific types of spaces, we give the general
argument for nonmetrizability, together with a simple explicit counterexample.

6.1 Nonmetrizability of Berwald spaces

We start with an adaptation of the results developed in [H2]. A simple way to see
why not all Berwald spacetimes are metrizable is to consider the lack of symmetry
of the affine Ricci tensor R̄ij . Recall that the affine Ricci tensor is given by (4.4)
in terms of the affine connection induced by the canonical nonlinear connection.
Recall further that the curvature tensor of the affine connection of a Berwald
space is related to the nonlinear curvature via (4.3). Finally, define the function
f = ln

√
| det g| and note that

δif = 1
2| det g|

δi| det g| = 1
2g

klδigkl = Γkik, (6.1)

∂̄if = 1
2| det g|

∂̄i| det g| = 1
2g

kl∂̄igkl = gklCikl = Ci . (6.2)

Then, using the definition of the nonlinear curvature (2.14) in terms of commu-
tators of horizontal vector fields and the fact that δiΓkjl = ∂iΓkjl, since ∂̄iΓkjl = 0,
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we find that

R̄ij − R̄ji = δiΓkjk − δjΓkik = δiδjf − δjδif (6.3)
= [δi, δj ]f = Rkij ∂̄kf = R̄klijy

l∂̄kf (6.4)
= R̄klijy

lCk. (6.5)

Hence the skew-symmetric part of the affine Ricci tensor is given by

R̄[ij] = 1
2R̄

k
lijy

lCk. (6.6)

If the Finsler Lagrangian is pseudo-Riemannian then Ck = 0 and R̄ij = R̄ji, but
for general Finsler metrics of Berwald type the RHS of (6.6) need not vanish.
We will give an explicit example below. In such a case it is immediately clear
that the affine connection cannot be obtained as the Levi-Civita connection of
a pseudo-Riemannian metric, because the Levi-Civita connection always has a
symmetric Ricci tensor. This shows that not all Berwald spaces are pseudo-
Riemann metrizable, as was demonstrated originally in [H2].

Example 6.1.1 (Counterexample to Szabó’s theorem). Let the Lorentzian met-
ric α and the 1-form β be given by

a = −2 dudv + v ψ(x, y) du2 + dx2 + dy2, β = du, (6.7)

where ψ is any scalar function that is not constant, and let F be any generalized
m-Kropina metric F = αϕ(β/α), ϕ(s) = ±s−m(c+ds2)(m+1)/2 constructed from
these building blocks. Note that these form a subclass of the family of Berwald
metrics described in Example 5.3.14. A straightforward calculation (or applica-
tion of Proposition 6.2.2 below) shows that

1
2

(
R̄ux − R̄xu

)
= m

m−1∂xψ,
1
2

(
R̄uy − R̄yu

)
= m

m−1∂yψ. (6.8)

Since ψ is not constant, it is clear that unless m = 0, the affine Ricci tensor is
not symmetric and hence the affine connection of F does not coincide with the
Levi-Civita connection of any pseudo-Riemannian metric.

The culprit behind the fact that R̄ij fails to be symmetric in general, and in-
deed the culprit behind all currently known counterexamples to Szabo’s theorem,
seems to be not the signature, but the fact that A ⊊ TM0 is a proper subset.
This is shown by the following theorem, the proof of which uses the properties
of the (positively) projective tangent space at a point x ∈ M , defined as the
quotient PTxM+ ≡ (TxM \ 0) /∼ where y ∼ y′ iff y′ = λy for some λ > 0. This
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construction is similar to that of standard projective spaces, see e.g. [54, 82];
for details we refer to [38] and references therein. The two essential properties
that we will use in the proof below are that (i) PTxM+ is compact, and that (ii)
any smooth 0-homogeneous function on TxM \0 can be identified with a smooth
function f̂ on PTxM

+ via f̂([y]) = f(y), where [y] is the equivalence class of
y ∈ TxM \ 0 under the equivalence relation ∼.

Theorem 6.1.2. For a Berwald space with A = TM0, the affine Ricci tensor is
symmetric, Rij = Rji.

Proof. We employ the expression Rij − Rji = Rkij ∂̄kf derived above for the
skew-symmetric part of the Ricci tensor and we start by noting that the LHS
only depends on x, not y, for Berwald spaces. It thus suffices to show that for
each x ∈ M there exists at least one y ∈ A = TM0 such that Rkij ∂̄kf = 0; this
then implies that the expression vanishes on all of TM0. So let us fix some x ∈ M .
Since y 7→ f(x, y) is smooth and homogeneous of degree 0 it can be interpreted
as a smooth function f̂ on PTxM

+. Since f̂ is in particular continuous and
PTxM

+ is compact, f̂ attains its minimum on PTxM+. Suppose this minimum
is attained at the equivalence class [y] ∈ PTxM

+. That means that the original
function y 7→ f(x, y) attains its minimum at y ∈ TxM \ 0, so that ∂̄if |(x,y) = 0
and hence Rkij ∂̄kf |(x,y) = 0. Since x was arbitrary this completes the proof.

6.2 Metrizability of generalized m-Kropina spaces
with closed null 1-form

This section focuses on generalized m-Kropina metrics with closed null 1-form
(i.e. db = 0 and |b|2 = aijb

ibj = 0) of Berwald type. We will also assume
throughout this section that n := dimM > 2 and that c ̸= 0 and m ̸= 1 and
we remind the reader that, since A is assumed to be contained in the subset of
TM characterized by s > 0, c + ds2 > 0, in order for any real power of those
expressions to be defined, we may assume without loss of generality that bi is
nowhere vanishing. Furthermore, we will stick to our convention that indices
a, b, c, . . . run from 3 to n, whereas indices i, j, k, . . . run from 1 to n. Many
results in this section have been published in [H3], but only with regard to
standard m-Kropina spaces. It turns out that exactly the same analysis holds
up for generalized m-Kropina spaces, and we present this extended analysis here
for the first time.
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Assuming our generalized m-Kropina space is Berwald it follows from Propo-
sition 5.3.15 that in suitable coordinates we have β = du and

a = −2dudv +H(u, v, x) du2 + 2Wa(u, x) dxadu+ hab(u, x) dxadxb, (6.9)

and that

Γℓij = αΓℓij + mp

1 −m

(
aijb

ℓ − δℓjbi − δℓi bj
)

(6.10)

with p = −1
2∂vH. Substituting the form of p into (6.10) and using that bi = δui

and hence that bℓ = aℓkbk = aℓkδuk = aℓu = −δℓv, we obtain the following.

Lemma 6.2.1. In the coordinates (u, v, x3, . . . , xn), the affine connection coeffi-
cients can be expressed in terms of the Levi-Civita Christoffel symbols Γ̊kij of the
pseudo-Riemannian metric α as

Γkij = Γ̊kij + ∆Γkij , ∆Γkij = m

2(1 −m)∂vH
(
aijδ

k
v + δkj δ

u
i + δki δ

u
j

)
. (6.11)

We can use the preceding results to analyze the (deviation from the) symmetry of
the affine Ricci tensor, which has a very simple expression in these coordinates,
as the following result shows.

Proposition 6.2.2. In the coordinates (u, v, x3, . . . , xn), the skew-symmetric
part of the affine Ricci tensor is given by

R̄[ij] = − mn

4(1 −m)(δui ∂j∂vH − δuj ∂i∂vH). (6.12)

Proof. From the definition (4.4) of the affine Ricci tensor of a Berwald space and
the fact that Γkij = Γkji it follows that the skew-symmetric part of the affine Ricci
tensor can be written as

R̄[ij] ≡ 1
2

(
R̄ij − R̄ji

)
= ∂[iΓkj]k. (6.13)

Since the Levi-Civita connection Γ̊kij has a symmetric Ricci tensor, it follows that
∂[iΓ̊kj]k = 0 and hence we have

R̄[ij] = ∂[iΓkj]k = ∂[i∆Γkj]k = 1
2

(
∂i∆Γkkj − ∂j∆Γkki

)
. (6.14)
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Using Lemma 6.2.1 we find that

∆Γkkj = m

2(1 −m)∂vH
(
avj + δuj + nδuj

)
= mn

2(1 −m)∂vHδ
u
j , (6.15)

where we have used that avj = −δuj , and hence we obtain

R̄[ij] = mn

4(1 −m)
(
δuj ∂i∂vH − δui ∂j∂vH

)
. (6.16)

Now we will prove the main result of this section, characterizing the local metriz-
ability of generalized m-Kropina spaces of Berwald type with closed null 1-form.

Theorem 6.2.3. Let F be a generalized m-Kropina metric of Berwald type with
closed null 1-form and with m ̸= 0 and dimM > 2. The following are equivalent:

(i) F is locally metrizable;

(ii) The affine Ricci tensor is symmetric, R̄ij = R̄ji;

(iii) Around each point in M there exist coordinates (u, v, x3, . . . , xn) such that
b = du and

a = −2dudv +
[
H̃(u, x) + ρ(u)v

]
du2 + 2Wa(u, x)dudxa

+ hab(u, x)dxadxb, (6.17)

with H̃, ρ,W3, . . .Wn smooth functions and h a pseudo-Riemannian metric
of dimension n− 2.

In this case, the affine connection restricted to the chart corresponding to the
coordinates (u, v, x3, . . . xn) is metrizable by the following pseudo-Riemannian
metric:

ã = e
m

1−m

∫ u
ρ(ũ)dũa (6.18)

Before presenting the proof, we note that if ρ = 0 then ã = a, i.e. the affine
connection is metrizable by the defining pseudo-Riemannian metric α. This was
to be expected, since in that case the 1-form β is parallel with respect to α, and
hence the result follows by Corollary 5.2.5.

Proof. (i) trivially implies (ii). For (ii)⇒(iii) we use the preferred coordinates
(u, v, x3, . . . , xn). By Proposition 6.2.2, the only nonvanishing components of the
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skew-symmetric part of the affine Ricci tensor are

R̄[uj] = − mn

4(1 −m)∂j∂vH, j = 2, . . . , n. (6.19)

By assumption, the Ricci tensor is symmetric, so all of these must vanish. The
uv component yields ∂2

vH = 0 and the remaining components yield ∂v∂aH = 0,
a = 3, . . . n. In other words, H must be linear in v and the corresponding linear
coefficient can depend only on the coordinate u. That is,

a = −2dudv +
[
H̃(u, x) + ρ(u)v

]
du2 + 2Wa(u, x)dudxa + hab(u, x)dxadxb.

(6.20)

This proves (ii) ⇒ (iii). For the final implication (iii) ⇒ (i), recall from
Lemma 6.2.1 that the affine connection coefficients can be expressed as

Γkij = Γ̊kij + m

2(1 −m)∂vH
(
aijδ

k
v + δkj δ

u
i + δki δ

u
j

)
. (6.21)

On the other hand, an elementary calculation shows that the Levi-Civita
Christoffel symbols of the pseudo-Riemannian metric ã = eψ(u)a can be ex-
pressed in terms of the original Levi-Civita Christoffel symbols corresponding to
a as

ãΓkij = Γ̊kij + 1
2ψ

′(u)
(
aijδ

k
v + δkj δ

u
i + δki δ

u
j

)
. (6.22)

In this case, ψ(u) = m
1−m

∫ u ρ(ũ)dũ, so ψ′(u) = m
1−mρ(u) = m

1−m∂vH, and hence
it is clear that (6.21) and (6.22) coincide. This shows that the connection coef-
ficients of ã coincide with the affine connection coefficients of F , and hence F is
locally metrizable, i.e. (i) holds. This completes the proof of the theorem.

Theorem 6.2.3 provides necessary and sufficient conditions for a generalized m-
Kropina space with closed null 1-form to be locally metrizable. Next, we apply
the theorem to an explicit example from the physics literature.

Example 6.2.4. Consider the Finsler VSI spacetimes presented in [44], with
the 4-dimensional Finsler metric

F =
∣∣∣−2dudv + (H̃ + ρ v)du2 + 2Wadudxa + δabdxadxb

∣∣∣ 1+m
2 (du)−m , (6.23)

where the metric functions H̃, ρ,Wa depend only on u and xa, not on v. The
way to interpret the RHS is to view all 1-forms as real-valued functions on TM ,
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products, sums, and powers of which are defined pointwise. The name ‘Finsler
VSI spacetimes’ stems from the fact that the pseudo-Riemannian part α is a
VSI spacetime, i.e. it has vanishing scalar curvature invariants [83]. F is an
m-Kropina metric and by Proposition 5.3.15, it is of Berwald type. By Theo-
rem 6.2.3 it is locally metrizable if and only if ∂aρ = 0. The case ρ = 0 provides
a Finsler version of the gyratonic pp-wave metric [84, 85], which is trivially
metrizable by the Lorentzian gyratonic pp-wave metric itself.
As a special case of Example 6.2.4 we obtain a particularly simple, nontrivial
example of a locally metrizable Finsler metric.
Example 6.2.5. Let F be given by (6.23) with H̃(u, x) = 0, ρ(u, x) = u and
Wa(u, x) = 0. Relabeling the two coordinates xa as x and y, this leads to the
Finsler metric

F =
∣∣∣−2dudv + u v du2 + dx2 + dy2

∣∣∣ 1+m
2 (du)−m , (6.24)

which has an affine connection given by the following nonvanishing Christoffel
symbols:

Γuuu = 1 +m

1 −m

u

2 , Γvuu =
(

u2

1 −m
− 1

)
v

2 , (6.25)

Γvuv = −u

2 , Γvxx = Γvyy = Γxux = Γyuy = m

1 −m

u

2 . (6.26)

As indicated by (6.18) in Theorem 6.2.3 this connection is metrizable by the
Lorentzian metric

g̃ = e
mu2

2(1−m)
(
−2dudv + u v du2 + dx2 + dy2

)
. (6.27)

6.3 Metrizability of m-Kropina spaces

The results of the previous section have been obtained using the specific co-
ordinate system introduced in Example 5.3.14 and Proposition 5.3.15, which
presupposes that the 1-form β is closed and null. In this section we consider
general 1-forms β and so the methods used in the previous section cannot be
generalized straightforwardly. However, using different methods it is possible
to obtain some interesting results on the metrizability of (standard) m-Kropina
spaces with arbitrary 1-form, without the need for introducing a special coordi-
nate system. As a special case, this will reproduce the results obtained above
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for m-Kropina spaces with a closed null 1-form, providing an alternative proof
of those results. The results in this section were obtained only recently and have
not been published yet; we present them here for the first time. In contrast to
the results obtained in Section 6.2 they do not generalize in an obvious way to
generalized m-Kropina spaces.

Hence throughout this section, we will assume F is an m-Kropina metric.
Again we restrict our attention to the case n = dimM > 2. Recall from Corol-
lary 5.3.10 that an m-Kropina metric is of Berwald type if and only if there exists
a smooth vector field f i on M such that

∇̊jbi = m(fkbk)aij + bifj −mfibj , (6.28)

and if so, the affine connection is given by

Γℓij = Γ̊ℓij + ∆Γkij , ∆Γkij = maℓk (aijfk − ajkfi − akifj) (6.29)

in terms of the Levi-Civita connection Γ̊ℓij of α. We start, in analogy with the
previous section, by deriving a precise formula for the skew-symmetric part of the
affine Ricci tensor, which we will denote by A(R̄), i.e. A(R̄)ij = R̄[ij]. Moreover,
at the risk of stating the obvious, we remark that the expression df below denotes
the exterior derivative of the 1-form f with components fi = aijf

j appearing in
the Berwald condition (6.28).

Lemma 6.3.1. The skew-symmetric part of the affine Ricci tensor is given by

A(R̄) = −mn

2 df (6.30)

Proof. In general we have R̄[ij] = 1
2(∂i∆Γkkj − ∂j∆Γkki) as shown in the proof of

Proposition 6.2.2 (see (6.14) in particular). Employing the expression (6.29) for
∆Γkij , we find that

∆Γkkj = −mnfj (6.31)

and this yields

R̄[ij] = mn

2 (∂jfi − ∂ifj), (6.32)

which is precisely the coordinate expression of (6.30), as desired.

We then have the following characterization of local metrizability.
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Theorem 6.3.2. For an m-Kropina metric F = α1+mβ−m of Berwald type with
dimM > 2, the following are equivalent:

(i) F is locally metrizable;

(ii) The affine Ricci tensor is symmetric, R̄ij = R̄ji;

(iii) fi is a closed 1-form.

In that case we can locally write fi = ∂iψ for some ψ ∈ C∞(M) and we may
define ãij = e−2mψaij and b̃i = e−(1+m)ψbi and define α̃ and β̃ accordingly. Then
F can be written as F = α̃1+mβ̃−m, β̃ is covariantly constant with respect to α̃,
and ãij provides a local metrization of F .

Proof. The first two implications are rather straightforward. (i)⇒(ii): If F is
locally metrizable then it follows trivially that the Ricci tensor is symmetric.
(ii)⇒(iii): If the Ricci tensor is symmetric then Lemma 6.3.1 shows that df =
0. The remaining nontrivial part of the proof is showing that (iii) implies (i).
(iii)⇒(i): If fi is closed then f is locally exact, i.e. fi = ∂iψ for some (locally
defined) function ψ on M . Consider the following transformed metric and 1-
form, ãij = e−2mψaij and b̃i = e−(1+m)ψ and define α̃ and β̃ accordingly. Then
F = α1+mβ−m = α̃1+mβ̃−m and it is straightforward to show that the Christoffel
symbols of ãij are given by

Γ̃kij = Γ̊kij −m
(
fiδ

k
j + fjδ

k
i − fkaij

)
(6.33)

in terms of those of aij . Hence if we denote by ∇̃ the Levi-Civita connection of
α̃ then we find that

∇̃j b̃i = e−(1+m)ψ
[
∇̊jbi − (m(fkbk)aij + bifj −mfibj)

]
= 0, (6.34)

which vanishes, by (6.28). In other words, b̃i is covariantly constant w.r.t. ãij ,
and since we can write F as F = α̃1+mβ̃−m, it follows from Corollary 5.2.2 that
the affine connection on F is just the Levi-Civita connection of ãij . Hence F is
locally metrizable, namely by ãij , completing the proof.

The mapping (α, β) 7→ (α̃, β̃) is a generalization of what is called the f -change
in [73, Chapter 6].

We can now distinguish several cases.
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1. b is not null. In this case, fi is necessarily closed, which follows immediately
from Proposition 5.3.8 and which was also observed in [73]. Hence we have
the following.

Corollary 6.3.3. An m-Kropina space with |b|2 ̸= 0 is locally metrizable.

2. If b is null and closed then Section 6.2 completely characterizes local metriz-
ability in terms of local coordinates.

3. If b is null but not necessarily closed then the local metrizability of F can
also be characterized in local coordinates, as will be discussed next.

Proposition 6.3.4. If |b|2 = 0 then F is locally metrizable if and only if around
each point in M there exist coordinates (u, v, x3, . . . , xn) such that

a = e2mψ
(
−2dudv +Hdu2 + 2Wadudxa + habdxadxb

)
, (6.35)

b = e(1+m)ψdu, (6.36)

where ψ is any smooth function on M and the metric functions H,Wa, hab depend
only on u and xa. In that case, F can be written as

F =
∣∣∣−2dudv +Hdu2 + 2Wadudxa + habdxadxb

∣∣∣(1+m)/2
(du)−m (6.37)

and the metric −2dudv+Hdu2+2Wadudxa+habdxadxb provides a local metriza-
tion of F .

Proof. We first prove the ‘only if’ part. By Theorem 6.3.2, if F is locally metriz-
able then there exist ãij = e−2mψaij and b̃i = e−(1+m)ψbi with corresponding α̃
and β̃ such that F = α̃1+mβ̃−m and such that β̃ is covariantly constant with
respect to ãij . By Proposition A.2.1 (recall that we may WLOG assume that bi
does not vanish by our definition of A) it thus follows that locally, we may write

ã = −2dudv +Hdu2 + 2Wadudxa + habdxadxb, (6.38)
b̃ = du, (6.39)

where the functions H,Wa, hab depend only on u and xa. It is immediately
verified that a, b and F now attain the desired form. Conversely, if a and b have
the stated form, then F is given by (6.37) in terms of ã and b̃, and since b̃ = du
is covariantly constant with respect to α̃, the latter provides a local metrization
of F , by Corollary 5.2.2.
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As a special case of Proposition 6.3.4 we recover the main result of the previous
section, Theorem 6.2.3, as shown by the following corollary.

Corollary 6.3.5. If b is null and closed then F is locally metrizable if and only
if around each point in M there exist coordinates (u, v, x3, . . . , xn) such that

F =
∣∣∣−2dudv +Hdu2 + 2Wadudxa + habdxadxb

∣∣∣(1+m)/2
(du)−m , (6.40)

where

H = H̃(u, xa) + ρ(u)v, Wa = Wa(u, xa), hab = hab(u, xa). (6.41)

Proof. Suppose that F is locally metrizable, then a and b are given by (6.35)
and (6.36), where the metric functions do not depend on the coordinate v.
Furthermore, the fact that the 1-form b = e(1+m)ψdu is closed implies that
ψ = ψ(u). In this case, it can be verified that the coordinate transformation
given by ū =

∫ u e(1+m)ψ(u)du and v̄ = e(m−1)ψ(u)v brings the 1-form into the
form b = dū and the metric into the form

a = −2dūdv̄ + H̄dū2 + 2W̄adūdxa + h̄abdxadxb, (6.42)

where

H̄ = e−2ψ [H + 2(m− 1)ψ′v
]
, W̄a = e(m−1)ψWa, h̄ab = e2mψhab. (6.43)

Identifying H̃(u, xa) = e−2ψH and ρ(u) = 2e−2ψ(m− 1)ψ′ it can be verified that
F attains the desired form in the new coordinates.

Conversely, if F has the stated form, then we define ψ(u) such that ρ(u) =
2e−2ψ(m−1)ψ′, by setting ψ(u) ≡ −1

2 ln
∣∣∣ 1

1−m
∫
ρ(u)du

∣∣∣, and then we can simply
perform the same coordinate transformation backward. It is clear that this
results in a metric and 1 form of the form (6.35) and (6.36) and hence, by
Proposition 6.3.4, F is Berwald.

6.4 Ricci-flatness of m-Kropina spaces

We continue our investigation of m-Kropina metrics and turn to Ricci-flatness.
Recall that a Finsler space is said to be Ricci-flat if the Finsler-Ricci tensor
vanishes, Rij = 0, or equivalently, if the Ricci scalar vanishes, Ric = 0. We
restrict ourselves in this section to the case where M is four-dimensional, which

88



6.4. Ricci-flatness of m-Kropina spaces

is the case that is relevant to Finsler gravity. The results in this section have not
been published yet; we present them here for the first time.

6.4.1 Ricci-flat nonnull m-Kropina metrics in (1+3)D

First, we investigate Ricci-flat m-Kropina metrics with |b|2 ̸= 0 in (1 + 3)D, by
which we mean that the underlying manifold M has dimension 4 and that aij
has Lorentzian signature.

Proposition 6.4.1. A (1 + 3)D m-Kropina space with |b|2 ̸= 0 is Ricci-flat if
and only if it is locally of the form

F =
∣∣∣ηijdxidxj∣∣∣(1+m)/2 (

cidxi
)−m

(6.44)

with ηij = diag(−1, 1, 1, 1) and ci = const.

Proof. We first prove the ‘if’ direction. Since cidxi is covariantly constant with
respect to ηij , it follows by Corollary 5.2.2 that any F defined by (6.44) is Ricci-
flat, since the Ricci tensor of ηij (which vanishes) must coincide with the affine
Ricci tensor of F , which therefore vanishes, implying that also the Finsler-Ricci
tensor vanishes, by Lemma 4.1.1.

Conversely, to prove the ‘only if’ direction, suppose that F is Ricci-flat. Then,
defining α̃, β̃ as in Theorem 6.3.2, we may write F = α̃1+mβ̃−m and F has the
same affine connection as α̃, hence if F is Ricci-flat then α̃ is Ricci-flat. But α̃
admits a nonnull covariantly constant 1-form, namely b̃, so if α̃ is Ricci-flat it
must actually be flat, by Corollary A.2.3, and hence, in suitable coordinates it
can be written as ã = ηijdxidxj . Since β̃ is covariantly constant with respect
to this metric, it must have constant coefficients in these coordinates, and the
conclusion of the theorem follows.

We remark that the assumption about the dimensionality is not void, because
the conclusion of Corollary A.2.3 is not necessarily true if dimM ̸= 4. We also
point out that the representation of F in terms of a specific choice of α and
β is, of course, not unique. However, since any α is related to the α̃ from the
proposition by a conformal transformation, we have the following two corollaries.

Corollary 6.4.2. If F is Ricci-flat and |b|2 ̸= 0 then α is conformally flat.

Corollary 6.4.3. If α is Ricci-flat and |b|2 ̸= 0 then F is Ricci-flat only if α is
flat and β has constant components in flat coordinates.
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Proof. If F is Ricci-flat and |b|2 ̸= 0 then, by the previous corollary, α is con-
formally flat as well as Ricci-flat. It is thus a simple consequence of the Ricci-
decomposition of the Riemann tensor that α must be flat. From Proposition 6.4.1
it then follows that β must have constant coefficients in flat coordinates.

These results have important consequences for the construction of solutions to
the field equations in Finsler gravity, the topic of Part III. Most (properly Finsle-
rian) solutions currently known in the literature are obtained through construc-
tions where a vacuum solution α in general relativity is deformed into a Finslerian
solution F that has the form of an (α, β)-metric. Then the Ricci-flatness of F
(which is a sufficient condition to be a vacuum solution in Finsler gravity) is usu-
ally derived somehow from the Ricci-flatness of α (the exact condition to be a
vacuum solution to Einstein’s field equation). For m-Kropina metrics of Berwald
type, our results above show that if |b|2 ̸= 0 this procedure can only lead to a
single possible Finsler gravity vacuum solution1, namely the metric (6.44). It
follows that, apart from this trivial solution, m-Kropina spacetimes only lend
themselves to constructing nontrivial Finslerian vacuum solutions in the above
way for null 1-forms β. We consider those next.

6.4.2 Ricci-flat null m-Kropina metrics in (1+3)D

While an m-Kropina space with |b|2 ̸= 0 is always locally metrizable, as we have
seen in Corollary 6.3.3, this is not always the case when the 1-form is null. With
regard to Ricci-flatness, it turns out that in the |b|2 = 0 case we have to add
the additional assumption that F is locally metrizable in order to obtain nice
results. Alternatively, one may choose to replace everywhere the two conditions
locally metrizable and Ricci-flat by the single condition affinely Ricci-flat, the
latter meaning that the affine Ricci tensor vanishes (rather than the Finsler-
Ricci tensor, which is its symmetrization, by Lemma 4.1.1). Affine Ricci-flatness
is not a very common notion in the literature, though, so we will stick to locally
metrizable and Ricci-flat.

Proposition 6.4.4. Let F be an m-Kropina space. Then

F is affinely Ricci-flat ⇔ F is locally metrizable and Ricci-flat

Proof. If F is affinely Ricci-flat then it is trivially Ricci-flat, since the Finsler-
Ricci tensor is the symmetrization of the affine Ricci tensor. It is also locally

1Strictly speaking, this is only true locally. Our results do not say anything about the global
topology of the manifold.
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metrizable, by Theorem 6.3.2, since the (vanishing) affine Ricci tensor is, in
particular, symmetric. For the converse implication, if F is locally metrizable
then, by Theorem 6.3.2, its Ricci tensor is symmetric and hence the affine Ricci
tensor coincides with the Finsler-Ricci tensor. The vanishing of the Finsler-Ricci
tensor thus implies, in this case, the vanishing of the affine Ricci tensor.

The following lemma will allow us to obtain the |b|2 = 0 analog of Proposi-
tion 6.4.1, and it will prove to be useful more generally in Part III.

Lemma 6.4.5. Let a Lorentzian metric a and 1-form b on a 4-dimensional
manifold be given by

a = −2dudv +H(u, x) du2 + 2Wa(u, x) dxadu+ hab(u, x)dxadxb, (6.45)
b = du. (6.46)

If a is Ricci-flat then a and b can be expressed, in suitable coordinates, as

a = −2dūdv̄ + H̄(ū, x̄, ȳ)dū2 + dx̄2 + dȳ2, (6.47)
b = dū, (6.48)

such that H̄ satifies ∂2
x̄H̄ + ∂2

ȳH̄ = 0.

Proof. We first consider only the metric a. Since b is null and covariantly con-
stant, it follows from Proposition A.3.1 that a can be expressed in suitable co-
ordinates as

a = −2dudv +H(u, x, y)du2 + dx2 + dy2 (6.49)

such that δab∂a∂bH = 0. We are, however, not only interested in the transforma-
tion behavior of a alone but also in that of b. In [86], on which Proposition A.3.1
is based, no explicit coordinate transformation is given, so to see why we may
assume without loss of generality that b = du remains invariant, we will use the
properties of the general set of coordinate transformations

(u, v, x1, x2) 7→ (ū, v̄, x̄1, x̄2) (6.50)

that leave the form of the metric (6.45) invariant (but that generally change
the expressions for the metric functions H,Wa, hab 7→ H̄, W̄a, h̄ab). Such trans-
formations have been classified [79, Section 31.2] and they all have the specific
property that u = ϕ(ū) for some function ϕ depending on ū alone. Hence this
applies in particular to the desired transformation that relates (6.45) to (6.49).
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Let’s be a little bit more specific with the notation. What we have argued so
far is that there must exist a coordinate transformation (6.50) such that (6.45)
turns into

a = −2dūdv̄ + H̄(ū, x̄, ȳ)dū2 + dx̄2 + dȳ2 (6.51)

and such that u = ϕ(ū). The latter implies we may express the 1-form as
b = du = ϕ′(ū)dū, or equivalently b̄µ = ϕ′(ū)δuµ. The trick is now to realize that
since b is covariantly constant (cf. Proposition A.2.1) with respect to a, we must
have ∇̄µb̄ν = 0 also in the new coordinates. All Christoffel symbols Γ̄uµν of the
metric (6.51) with upper index u vanish identically, however (see (A.13)), and
hence ϕ must satisfy

0 != ∇̄ūb̄ū = ∂ūbū − Γ̄uuuϕ′(ū) = ϕ′′(ū). (6.52)

It follows that ϕ′(ū) = C = constant, i.e. b = Cdū. In this case, it is easily seen
that scaling ū by C and scaling v̄ by 1/C leaves the form of the metric (6.51)
invariant (while changing H̄) and brings the 1-form back into its original form
b = dū. This shows that we may assume without loss of generality that C = 1
and hence that the 1-form remains invariant under the coordinate transformation
relating (6.45) to (6.49). This completes the proof.

Proposition 6.4.6. Any locally metrizable (1+3)D m-Kropina space with |b|2 =
0 is Ricci-flat if and only it is locally of the form

F =
∣∣∣−2dudv +H(u, x)du2 + δabdxadxb

∣∣∣(1+m)/2
(du)−m (6.53)

such that H satifies δab∂a∂bH = 0.

Proof. First of all, since du is covariantly constant, it follows by Corollary 5.2.2
that any F defined by (6.53) is Ricci-flat, since the Ricci tensor of the Lorentzian
metric (which vanishes, by Proposition A.3.1) must coincide with the affine Ricci
tensor of F , which therefore vanishes, implying that also the Finsler-Ricci tensor
vanishes, by Lemma 4.1.1.

Conversely, suppose that F is Ricci-flat. Since F is locally metrizable it can
be written in the standard form (6.37) with a and b given by (6.45) and (6.46),
respectively. Since the 1-form b = du is covariantly constant with respect to the
corresponding metric a, it follows that the affine connection on F coincides with
the affine connection on a. So since F is Ricci-flat, a is Ricci-flat as well. Hence
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it follows from Lemma 6.4.5 that F can be written locally in the form (6.53), as
desired.

With this, we have classified (locally, at least) all locally metrizable, Ricci-flat
m-Kropina metrics in (1 + 3)D. We end this chapter with a final remark about
the implications of our findings for the study of vacuum solutions in Finsler
gravity. The results show that any Berwald m-Kropina solution to the Finsler
field equations in vacuum that is not of one of the trivial forms (6.44) or (6.53),
must be one for which at least one of the following two conditions is satisfied:

(i) the 1-form is null and F is not locally metrizable;

(ii) F is not Ricci-flat.
In light of the fact (cf. Part III) that for Berwald m-Kropina spaces with null
1-form β the vacuum field equations are equivalent to the vanishing of the Finsler-
Ricci tensor [44], it follows that we can equivalently write these two conditions
as:

(i) the 1-form is null and F is not locally metrizable;

(ii) the 1-form is not null and F is not Ricci-flat.
To complete the classification of exact vacuum solutions to the field equations
within the class of Berwald m-Kropina spaces, a better understanding of these
two scenarios is required. While it is currently not known whether vacuum
solutions satisfying (ii) exist at all, some examples of Ricci-flat spaces satisfying
(i) have been obtained, as shown by the example below. Nevertheless, a thorough
investigation of both cases (i) and (ii) has yet to be carried out.
Example 6.4.7. Consider the Finsler metric from Example 6.2.4,

F =
∣∣∣−2dudv + (H̃ + ρ v)du2 + 2Wadudxa + δabdxadxb

∣∣∣ 1+m
2 (du)−m , (6.54)

with m ̸= 1, denote x1 = x and x2 = y and set

H̃(u, x, y) = kx4 + 1
12y

4, k = −1 + 3m−m2

12(m− 1)2 , (6.55)

ρ(u, x, y) = x, W1(u, x, y) = 0, W2(u, x, y) = xy. (6.56)

Then β = du is null and it follows from Theorem 6.2.3 that F is not locally
metrizable, hence F satisfies condition (i). On the other hand, it follows from
the results in [44] that F is Ricci-flat. This shows that Ricci-flat m-Kropina
spaces satisfying (i) do exist.
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Part III

Vacuum Solutions in Finsler
Gravity
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Introduction to
Part III: Vacuum Solutions in Finsler Gravity

In Part II we already briefly touched upon some aspects of the Finsler gravity field
equation when we (locally) classified all Ricci-flat metrizable m-Kropina metrics.
Such metrics are automatically vacuum solutions. Part III focuses completely
on the field equation—which we properly introduce in Chapter 7—and exact
vacuum solutions to it.

Most of the solutions that we present and investigate are of Berwald type.
These are the topic of Chapter 8. Here, we first introduce a large class of general
(α, β)-type solutions; we prove that when α is chosen to be a classical pp-wave
metric and β is its defining covariantly constant null 1-form, then any (α, β)-
metric constructed from these two building blocks will be an exact vacuum solu-
tion. In the specific case of Randers metrics of Berwald type, we also show that
any Berwald vacuum solution must be of this type, resulting in a (local) clas-
sification of Berwald-Randers vacuum solutions. Completely analogous results
hold for so-called modified Randers metrics, obtained as a small modification of
the standard Randers metric and introduced because of their preferable causal
properties.

An important question that arises is how such Finslerian spacetimes should
be interpreted physically, and in particular, whether and how they can be phys-
ically distinguished from their general relativistic counterparts, given by the
pseudo-Riemannian metric α. To answer this question we apply, in Chapter 9,
a two-fold linearization scheme to the (α, β)-metric solutions obtained in Chap-
ter 8 and conclude that the linearized solutions may be interpreted as Finslerian
gravitational waves. We then study the observational signature of these grav-
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itational waves by investigating the question of what would be observed in an
interferometer experiment when such a Finslerian gravitational wave would pass
the earth, and what would be the difference with the effect of a classical general
relativistic gravitational wave. To this end, we compute the Finslerian radar
distance, the typical observable measured in interferometer experiments. Re-
markably, when interpreted correctly, the expression for the Finslerian radar
distance turns out to be completely equivalent to its general relativistic analog,
obtained in [45]. In other words, we show that gravitational wave interferometers
are not able to distinguish between our Finsler gravitational waves and standard
general relativistic ones, which is a remarkable conclusion.

Finally, in Chapter 10 we present a class of exact vacuum solutions of unicorn
type. A particularly interesting subfamily of this class has cosmological symme-
try, i.e. is spatially homogeneous and isotropic, and is additionally conformally
flat, with conformal factor depending only on the timelike coordinate. We show
that, just as in classical Friedmann-Lemaître-Robertson-Walker (FLRW) cosmol-
ogy, this conformal factor may be interpreted as the scale factor of the universe.
We compute this scale factor as a function of cosmological time, and we show
that the solution corresponds to a linearly expanding (or contracting) Finslerian
universe.

Since Part III is more physics-oriented than the preceding parts and gener-
ally deals with Finsler spaces of Lorentzian signature, we will (unless otherwise
specified) assume that dimM = 4 and use the convention that Greek indices
µ, ν, ρ, σ, . . . run from 0 to 3 = dimM − 1, while Latin ones i, j, k, l, . . . run from
1 to 3. As in Part II, we will also encounter Latin indices a, b, c . . . from the
beginning of the alphabet and these will run from 1 to 2 = dimM−2, consistent
with our earlier conventions.
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CHAPTER 7

Finsler Gravity

The whole field of Finsler gravity can be concisely summarized by the statement
that Finsler gravity is just general relativity without the quadratic restriction1.
The ‘quadratic restriction’ refers to the fact that general relativity (GR) is based
on pseudo-Riemannian geometry, in which the squared line-element ds2 is, by
definition, quadratic in the coordinate displacements. The essential idea is that
Finsler gravity generalizes GR by lifting this quadratic restriction—leading to
Finsler geometry as the relevant underlying mathematical framework—while re-
taining other fundamental aspects of the theory as much as possible. As an
example, the time measured by a clock between two events is still given, as
it is in GR, by the length of the clock’s spacetime trajectory connecting these
events; in this case the Finslerian length rather than the pseudo-Riemannian
length. In fact, Finsler geometry is the most general geometric framework that
is compatible with this formulation of the clock postulate2.

As discussed in some detail in the introduction there are various compelling
arguments that motivate the study of Finsler gravity. While we will not repeat
that discussion in detail here, we recall that much of this motivation comes from

(i) quantum gravity phenomenology [1] and specifically the idea of Lorentz in-
1This sentence is an adaptation of Chern’s famous phrase saying that ‘Finsler geometry is

just Riemannian geometry without the quadratic restriction.’
2We remark that Weyl geometry, another generalization of Lorentzian geometry, is also

compatible with the clock postulate, but in that case, the definition of proper time has to be
revised [21].
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variance violation (or deformed Lorentz symmetry), which has been linked
to Finsler geometry [8, 9, 10, 11, 12, 13];

(ii) axiomatic approaches to spacetime and relativity [14, 15, 16, 17, 18, 19, 20,
87] that have been found to be compatible with geometric frameworks more
general than pseudo-Riemannian geometry. And by the clock postulate
argument given above, it seems that Finsler geometry is the most general
framework one can aim for.

There are also hints that Finsler gravity could provide a more accurate descrip-
tion of the gravitational field of a kinetic gas, by taking into account the indi-
vidual motion of each gas particle [88, 89], which is usually averaged over in the
standard Einstein-Vlasov treatment [90, 91]. And there are hints that it might
play a role in the understanding of dark matter and dark energy [92]. Further-
more, some teleparallel gravity models can be described within the framework
of Finsler geometry as well [93].

Finally, apart from all of this, the simple fact that a theory as beautiful and
successful as GR can be generalized in a natural geometric way, without breaking
it, elicits a natural curiosity as to what such an extension may bring us. I would
even argue that this on its own provides ample motivation for taking the idea
seriously.

7.1 Finsler spacetimes

7.1.1 The basic mathematical definition

As the starting point for our mathematical definition of a Finsler spacetime, we
will simply stick to Definition 1.2.3 with the additional requirement that the
signature of gµν be Lorentzian in some subset of the domain A of the Finsler
metric. We purposely remain vague about this subset for the moment but we
will come back to it later. The homogeneity condition (1.6) ensures that the
length is invariant under (orientation-preserving) parameterization and hence
the time measured by a clock between two events can consistently be defined as
the Finslerian length of the clock’s spacetime trajectory connecting these events3.

As a definition of a Finsler spacetime, this is a relatively weak one in the sense
that there are many other definitions appearing in the literature that are more
restrictive. In fact, various nonequivalent definitions exist (see e.g. [25, 26, 94,

3We remark that time-orientation needs to be taken into account as well in case the Finsler
function is not symmetric, i.e. if F (x, y) ̸= F (x,−y).
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28, 95, 96, 97]) and a consensus on what is the ‘best’ definition—if such a thing
exists at all—has yet to be reached. It is not our current aim to significantly
advance this endeavor, so the definition employed here has been chosen so as to be
as general as possible. Indeed, most of the results we will discuss in what follows
can be proven without further restrictions. It should be understood, however,
that in order to guarantee that a viable physical interpretation is possible, the
geometry should be subjected to more stringent requirements. Some of these are
outlined below, but we will mostly discuss such considerations on a case-by-case
basis throughout the chapters that follow.

7.1.2 Some remarks on causal structure and signature

Given a Finsler spacetime geometry, it is natural to postulate, in analogy with
GR, that matter travels along timelike geodesics and light travels on null geodesics.
The notion of a null direction is generalized in a mathematically straightforward
way: a vector yu at a point xµ is said to be null (or lightlike) if L(x, y) =
gµν(x, y)yµyν = 0. However, the structure of the light cone, composed of such
null vectors, may be nontrivial. In GR it is always the case that the light cone sep-
arates the tangent space at each point into three connected components, which
we may interpret as consisting of forward-pointing timelike vectors, backward-
pointing timelike vectors, and spacelike vectors, respectively. It is then consistent
to define a timelike vector as one that has negative (or positive, depending on
the sign convention) norm; that precisely singles out what we would intuitively
call the inside or the interior4 of the light cone, sometimes called the timelike
cone. For a generic Finsler spacetime metric, however, these properties of the
light cone structure are by no means guaranteed, and as such it is not obvious
in general how to even define what one means by timelike vectors. It certainly is
not obvious that these should be defined as vectors with negative norm. We will
not consider this issue any further in its full generality here but rather discuss
the details on a case-by-case basis. In many of the explicit examples of Finsler
spacetimes that we will encounter, the causal structure (i.e. light cone structure)
has exactly the desirable properties mentioned above, just as in the case of GR,
allowing for a straightforward physical interpretation.

In a scenario where a natural (forward and/or backward) timelike cone can be
identified, this cone should ideally be contained in the subbundle A. Intuitively,
this condition essentially states that the geometry is well defined for all timelike
infinitesimal spacetime separations. Moreover, in the ideal case, the signature is
Lorentzian throughout the entire timelike cone. That is, gµν(x, y) has Lorentzian

4We’re not talking about the topological interior here.
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signature whenever y is a timelike vector at x. It can be argued that it is not
strictly necessary for the signature of gµν to be Lorentzian at spacelike vectors y,
as it would not be possible, even in principle, to perform any physical experiment
that probes such spacelike directions. This is true even in GR, but in that case
gµν does not depend on y and so if the metric is Lorentzian in any direction it
is automatically Lorentzian in all directions. In Finsler geometry this is not the
case and hence it makes sense to make this distinction. For further arguments
along these lines, we refer to [19] and references therein. Whether the light cone
should be contained in A (or its topological closure) and whether the signature
should be Lorentzian at the light cone is a more delicate question, which we will
not further explore here. Mathematically such a property is very convenient (see
e.g. [97, 40]), but many examples of interest simply do not seem to have this
property.

7.2 The field equations in vacuum

We now turn to the field equation in Finsler gravity, which generalizes Einstein’s
field equation to the more general setting of Finsler spacetimes. While several
earlier proposals exist in the literature [29, 30, 31, 98, 32, 33, 34, 35, 36], we
consider here Pfeifer and Wohlfarth’s field equation [28, 37, 38], which we deem
to have the firmest basis.

7.2.1 Motivation for the field equations

Pfeifer and Wohlfarth’s field equation can be derived, or rather motivated, by
the following simple argument. In Newtonian gravity, the separation vector v⃗
between two nearby freely falling particles satisfies, in Cartesian coordinates, the
deviation equation

d2vk

dt2 +Hk
iv
i = 0, Hk

i = δkj
∂2ϕ

∂xi∂xj
, (7.1)

where ϕ(x) is the gravitational potential. In vacuum, the equation that deter-
mines the gravitational potential is the Laplace equation ∆ϕ = δij ∂2ϕ

∂xi∂xj = 0,
which can be written simply as H i

i = 0, i.e. the vanishing of the trace of the de-
viation tensor. Of course, this principle extends to GR, where the gravitational
field equation in vacuum is again equivalent to the vanishing of the trace of the
geodesic deviation tensor, Rµν = 0.

We can immediately generalize this to the Finsler geometric setting. The
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analogous situation is then governed by the Finslerian geodesic deviation equa-
tion (3.33) along a geodesic γ,

D2vρ

Ds2 +Rρµ(γ, γ̇)vµ = 0, (7.2)

where the geodesic deviation operator is given by Rρµ(x, y) = Rρµν(x, y)yν in
terms of the nonlinear curvature Rρµν of the Finsler metric. In analogy with
Newtonian gravity and GR, it is natural to postulate that in the Finslerian case,
the trace of the deviation tensor must vanish as well, leading to the candidate field
equation Rµµ = 0. Since Rµµ = Ric, the Finsler-Ricci scalar (see Section 2.3.3),
this leads to the equation Ric = 0 that was proposed by Rutz [27]. When
restricted to Lorentzian metrics, Rutz’s equation reduces to Einstein’s vacuum
equation Rµν = 0, since in that case Ric = Rµν(x)yµyν . Hence the equation
yields the correct general relativistic limit.

It turns out, however, that Rutz’s equation is not variational; there does not
exist an action functional that yields the Rutz equation as its Euler-Lagrange
equation. Although this may not necessarily be problematic, it is not obvious
in such a case how to couple the theory to matter, let alone how to eventually
quantize the theory. The variational completion of Rutz’s equation, i.e. the
unique variational equation that is as close to it as possible, in a well defined
sense [39], turns out to be the field equation that was proposed by Pfeifer and
Wohlfarth in [28] using a Finsler extension of the Einstein-Hilbert action [38]
(details below).

This is completely analogous to the situation in GR, where the correct5 form
of the vacuum field equation Rµν − 1

2gµνR = 0 is also precisely the variational
completion of Einstein’s earlier proposal for a vacuum equation, Rµν = 0, ob-
tained from the geodesic deviation argument above6 [39]. While in the GR case,
the variationally completed equation happens to be equivalent to the original
one, this is not true any longer in the Finsler setting.

5Correct in the sense that it also leads to the correct matter coupling when the energy-
momentum tensor is inserted on the RHS.

6We remark that Einstein himself arrived at both his early proposal Rµν = 0 as well as his
final expression Rµν − 1

2gµνR = 0 for the vacuum equation by alternative means [99].
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7.2.2 Equivalent formulations of the field equation

In four spacetime dimensions, Pfeifer and Wohlfarth’s field equation in vacuum
reads7 [28, 38]

−2Ric + 2L
3 gµνRµν + 2L

3 gµν
(
∂̄µ (∇DSν) − SµSν + ∇C

δµ
Sν
)

= 0, (7.3)

in terms of (the horizontal part of) the Chern-Rund connection ∇C
δµ

and the dy-
namical covariant derivative ∇D . This is essentially the Euler-Lagrange equation
in four dimensions corresponding to the action functional

S =
∫
SM

Ric dµSM , (7.4)

where SM = {(x, ẋ) ∈ TM : F (x, ẋ) = 1} is the unit tangent bundle, or
indicatrix, with volume element dµSM . In order to make rigorous sense of this
action functional and its critical points, however, one needs to use a construction
in terms of compact subsets of the (positively) projective tangent bundle. When
F is pseudo-Riemannian, (7.4) reduces to the Einstein-Hilbert action, (7.10)
below, up to a boundary term. For details, we refer to [38].

Equivalently, the equation (7.3) can be expressed in terms of the Berwald
connection rather than the Chern-Rund connection. Using the fact that the dif-
ference between the horizontal part of the Berwald and Chern-Rund connection
is given by the Landsberg tensor (see Section 4.2), the field equation (7.3) can
be rewritten as8

−2Ric + 2L
3 gµνRµν + 2L

3 gµν
(
∂̄µ (∇DSν) + ∇B

δµ
Sν
)

= 0. (7.5)

This formulation9 appears for instance in [44].
It is worth pointing out that a very similar equation has been derived in the

case of positive definite Finsler metrics. In [100], Chen and Shen consider the
action functional

S = 1
Vol(SM)1−2/n

∫
SM

Ric dµSM , (7.6)

7We note that in [28] the Landsberg tensor is defined with a relative minus sign with respect
to our definition and in both references [28, 38] the Ricci curvatures are defined with a relative
minus sign with respect to our definition.

8Since gij∇B
δi
Sj = gij

(
∇C

δi
Sj − SiSj

)
.

9We note that also in this reference both the Landsberg tensor and the Ricci tensor(s) are
defined with a relative minus sign with respect to our definitions.
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where n = dimM . This is the normalized version of (7.4). In terms of the
Chern-Rund connection, the Euler-Lagrange equations in four dimensions read

−2Ric + 2L
3 gµνRµν + 2L

3 gµν
(
∂̄µ (∇DSν) − SµSν + ∇C

δµ
Sν
)

= 2L
3 r, (7.7)

where

r = 1
Vol(SM)

∫
SM

Ric dµSM (7.8)

is the average value of Ric on SM . Clearly the only difference between (7.3)
and (7.7) is the presence of a possibly nonvanishing (constant) value of r on the
RHS, playing the role of a kind of cosmological constant. Indeed, in the case
that the geometry is pseudo-Riemannian, (7.7) reduces to the equation for an
Einstein space,

Rµν = rgµν , (7.9)

or, in other words, the vacuum field equation for GR in the presence of a possi-
bly nonvanishing cosmological constant Λ = r. Similarly, the Pfeifer-Wohlfarth
equation (7.3) reduces to Einstein’s equation in vacuum without cosmological
constant, Rµν = 0.

For reference, it is worth briefly comparing the results discussed above with
the classical results for Riemannian metrics. It is well-known (see e.g. [101])
that for Riemannian metrics on a compact manifold M the critical points of the
Einstein-Hilbert action functional

SEH =
∫
M
R dµM , (7.10)

are precisely the Ricci-flat metrics, Rµν = 0, while the critical points of the
normalized Einstein-Hilbert action

S = 1
Vol(M)1−2/n

∫
M
R dµM , (7.11)

are precisely the Einstein metrics, Rµν = Λgµν .

We will refer to Pfeifer and Wohlfarth’s field equation, (7.3) simply as the
field equation in Finsler gravity, and solutions to it will be referred to simply as
solutions in Finsler gravity.
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7.2.3 Weakly Landsberg and Berwald field equation

The field equations simplify considerably if one restricts attention to the class
of weakly Landsberg metrics (see Section 4.2), defined by the condition that
Sµ = 0, which holds in particular for all Berwald spaces as well as all Landsberg
spaces. In that case, all terms involving the mean Landsberg curvature vanish
identically and (7.3) reduces to

Ric − L

3 g
µνRµν = 0, (7.12)

or equivalently,

(Lgµν − 3yµyν)Rµν = 0. (7.13)

From this, it follows that within the class of weakly Landsberg spaces, the van-
ishing of the Finsler-Ricci tensor, Rµν = 0, is a sufficient condition for being a
vacuum solution to the field equations. It turns out that in many cases of interest
(but not in general) it is a necessary condition as well. For instance, for Randers
metrics of Berwald type, the vacuum field equation is equivalent to Rµν = 0, as
we will prove in Section 8.2, and similar results have been obtained in the case
of null m-Kropina metrics [44] and Finsler spacetimes satisfying strict smooth-
ness requirements [40]. This equivalence also holds for spherically symmetric and
asymptotically flat Berwald spacetimes; details will be provided in a forthcoming
article. By a recent generalization of Birkhoff’s theorem to spherically symmet-
ric, Ricci-flat Berwald spaces [102], this implies in particular, that any vacuum
solution of Berwald type that is spherically symmetric and asymptotically flat
is either flat (in the sense that the nonlinear curvature tensor vanishes identi-
cally) or given by the Schwarzschild metric. In general, the vacuum equation
is not equivalent to Ricci-flatness, though: non–Ricci-flat vacuum solutions do
exist. An explicit example illustrating this will also be provided in a forthcoming
article.

Since any Berwald space is weakly Landsberg, (7.13) applies in particular
to Berwald spaces. In this case Rµν = Rµν(x) is independent of y, which is an
incredible convenience, computationally. When L is pseudo-Riemannian, and
hence, in particular, Berwald, the inverse fundamental tensor gµν = gµν(x) is
also independent of y and hence both terms in the field equation (7.13) are
quadratic in y. Differentiating twice with respect to the y-coordinates implies
that 3Rµν − gµνR = 0 and taking the trace then reveals that R = 0 and hence
Rµν = 0. Hence for pseudo-Riemannian metrics, the field equation in vacuum
indeed reduces to Einstein’s field equations in vacuum.
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7.2.4 Exact solutions

The list of known exact solutions in Finsler gravity is very short. Indeed, prior
to the contributions on which this dissertation is based, the only10 ones known
in the literature were the

(i) (m-Kropina type) Finsler pp-waves [43] and their generalizations as

(ii) very general relativity (VGR) spacetimes [44].

Over the last couple of years, this list has been extended by the

(iii) Randers pp-waves [H4] with their extension to

(iv) generic (α, β)-metric pp-waves [H5], and finally

(v) the unicorn solutions [H6].

Additionally, vacuum solutions of Berwald type with cosmological symmetry
have been classified and properly Finslerian spherically symmetric vacuum solu-
tions have been obtained, the details of which will appear in future publications.
It is the aim of the chapters that follow to properly introduce and discuss the
solutions (iii)–(v) in detail.

10Specifically in the realm of positive definite Finsler geometry, an additional class of solutions
has been obtained [100].
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CHAPTER 8

Exact Vacuum Solutions of Berwald Type

In this chapter, we present and investigate those of our solutions that are of
Berwald type. We begin in Section 8.1 with generic (α, β)-metric solutions, then
specialize to Randers metrics in Section 8.2, and to modified Randers metrics
in Section 8.3. Regarding (α, β)-metrics, we stick to the notation introduced in
Section 5.2.1 and we recall, in particular, that by some abuse of language, we
will refer to either of α, A, a and aij as the pseudo-Riemannian metric, and to β,
b and bi as the 1-form, and sometimes we will write expressions such as β = dt
and α =

√
|−dt2 + dx2 + dy2 + dz2|, but the interpretation of such expressions

should be clear. In the presence of an (α, β)-metric, indices will be raised and
lowered with aij unless otherwise specified. Moreover, when discussing properties
of the 1-form β such as being ‘covariantly constant’ (or ‘parallel’, which has the
same meaning) or ‘null’, we will always mean that β is covariantly constant with
respect to α or null with respect to α, respectively, unless otherwise specified.

8.1 (α, β)-metrics

The results in this section are based mostly on [H5].

8.1.1 Construction of exact solutions

From a physical perspective, (α, β)-metrics (see Section 5.2.1) allow us to deform
a general relativistic (i.e. Lorentzian) spacetime α into a Finsler spacetime,
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Chapter 8. Exact Vacuum Solutions of Berwald Type

given a 1-form β. And it turns out, as we will prove below, that these types of
metrics can be used to generalize some of the vacuum solutions to Einstein’s field
equations to properly Finslerian vacuum solutions to Pfeifer and Wohlfarth’s field
equation for Finsler gravity. This procedure is possible whenever such a classical
solution admits a covariantly constant vector field, or equivalently, 1-form. More
precisely, if the Lorentzian metric α solves the classical Einstein equations in
vacuum and the 1-form β is covariantly constant with respect to α then any
(α, β)-metric constructed from the given α and β is a solution to the Finslerian
field equations.

To see why this is true, we first recall Corollary 5.2.2, which states that if β
is covariantly constant with respect to α then any (α, β)-metric F constructed
from these building blocks is of Berwald type and the affine connection of F
coincides with the (Levi-Civita) affine connection of α.

If the affine connections coincide, the associated curvature tensors and in
particular the (affine) Ricci tensors must also coincide. So if α happens to be a
vacuum solution to Einstein gravity, i.e. its Ricci tensor vanishes, then it follows
that the affine Ricci tensor of F must vanish as well. And since the Finsler-Ricci
tensor is the symmetrization of the affine Ricci tensor, by Lemma 4.1.1, the
Finsler-Ricci tensor vanishes as well. This implies that (7.13) is satisfied, i.e. F
is a vacuum solution in Finsler gravity. We may summarize this result with the
following theorem.

Theorem 8.1.1. Let F be any (α, β)-metric such that:

(i) α solves the classical Einstein equations in vacuum;

(ii) β is covariantly constant.

Then F is a Ricci-flat vacuum solution to the field equation in Finsler gravity.
Moreover, the affine connection of F coincides with the Levi-Civita connection
of α.

In this way, (α, β)-metrics provide a mechanism to Finslerize any vacuum so-
lution to Einstein’s field equations, as long as the solution admits a covariantly
1-form or equivalently, a covariantly constant vector field. The theorem general-
izes some of the results obtained in [H4] for Randers metrics and in [43, 44] for
m-Kropina metrics (or VGR spacetimes) to arbitrary Finsler spacetimes with
(α, β)-metric. In particular, all pp-wave type solutions in Finsler gravity cur-
rently known in the literature are of this type.
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8.1.2 pp-Wave solutions

Let us investigate the solutions of the type of Theorem 8.1.1 in some more detail.
It turns out that if a vacuum solution α to Einstein’s field equations admits a
covariantly constant 1-form β then at least one of the following conditions must
hold:

1. α is flat;

2. β is null.

This was shown for the first time in [103] (see also [104, 105]) and in Appendix A.2
we provide a self-contained proof, starting from the Frobenius theorem and cul-
minating in Corollary A.2.3. We remark that the result assumes that the dimen-
sion of the pseudo-Riemannian manifold is 4; it is generally not true in higher
dimensions. Hence Theorem 8.1.1 leads to two classes of solutions.

Class 1: flat solutions

If α (and hence F ) is flat then in coordinates in which all Christoffel symbols
vanish, β must have constant components. Hence the resulting class of solu-
tions is in some sense trivial—yet not necessarily uninteresting. Provided α is
of Lorentzian signature1, it can always be written in suitable coordinates in the
following way, where we stick to the notation introduced in Section 5.2.1.

Class 1: flat solutions

Any (α, β)-metric constructed from

a = −dt2 + dx2 + dy2 + dz2, b = bµdxµ, (8.1)

where bµ = constant, is a vacuum solution to the field equations in Finsler
gravity. The resulting geometry is of Berwald type with all affine connection
coefficients vanishing identically in these coordinates.

Class 2: pp-wave solutions

The second possibility, the one where β is null, leads to a richer and more in-
teresting class of solutions. In this case, α is a CCNV metric, meaning that
it admits a covariantly constant null vector (CCNV), namely β, or rather its
vector equivalent via the isomorphism induced by α. In Lorentzian signature,

1The result can easily be generalized to other signatures as well.
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CCNV metrics are also known as pp-waves (plane-fronted gravitational waves
with parallel rays) and these have been studied in detail in [103, 86] (see [79,
Section 24.5] for a summary).

In Part II we have already encountered such metrics. In particular, we proved
the important Lemma 6.4.5. Combined with Proposition A.2.1, and using the
fact that α is a vacuum solution and hence Ricci-flat, this lemma says that
coordinates (u, v, x, y) can always be chosen such that α and β attain the form

a = −2dudv +H(u, x, y)du2 + dx2 + dy2, b = du, (8.2)

and such that ∆(x,y)H = (∂2
x + ∂2

y)H = 0. The last statement also follows easily
from the fact that the Ricci tensor of the metric a is given (up to a nonzero con-
stant) by the (x, y)-Laplacian ∆(x,y)H of H. We may therefore characterize the
second class of solutions in the following way—again assuming for concreteness
that α is a Lorentzian metric.

Class 2: pp-wave solutions

Any (α, β)-metric constructed from

a = −2dudv +H(u, x, y) du2 + dx2 + dy2, (8.3)
b = du, (8.4)

such that ∆(x,y)H = 0, is a vacuum solution to the field equations in Finsler
gravity. The resulting geometry is of Berwald type with affine connection
identical to the Levi-Civita connection of a.

Note that when H = 0 the geometries in Class 2 are also contained in Class 1.
It is not the case, however, that Class 1 is a subset of Class 2 because in Class
1 the 1-form β need not be null, necessarily. The preceding line of argument
shows that these two classes of solutions in fact exhaust all possibilities, which
we encapsulate in the following theorem.

Theorem 8.1.2. Any (α, β)-metric such that

(i) α solves the classical Einstein equations in vacuum;

(ii) β is covariantly constant,

(i.e. any vacuum solution of the type of Theorem 8.1.1) must belong to either
Class 1 or Class 2, provided that α has Lorentzian signature.
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Before we move on to solutions of plane wave type, we end this section with some
remarks about the relation between our (α, β)-type solutions and other solutions
in the literature.

• The (m-Kropina type) Finsler pp-waves [43] and the Randers pp-waves
obtained in [H4] are special cases of the solutions introduced here.

• For Randers metrics of Berwald type any vacuum solution must be of
the type described in Theorem 8.1.1, that is, α is necessarily a vacuum
solution in Einstein gravity and β is necessarily covariantly constant. Any
such solution is therefore either in Class 1 or Class 2. This was first shown
in [H4] and we will prove it in Section 8.2.

• For m-Kropina metrics, some of the vacuum solutions obtained [44] are
of a more general type than the ones introduced here, as illustrated by
Example 6.4.7; our solutions are all trivially metrizable (by α), whereas
the metric in Example 6.4.7 is not metrizable. In fact, our results from
Section 6.4 show that any of the solutions obtained in [44] belongs to
either Class 1 or Class 2 if and only if the geometry is metrizable, and
Example 6.2.4 provides the precise necessary and sufficient condition for
this to be the case.

This list comprises all exact solutions to Pfeifer and Wohlfarth’s equation for
Finsler gravity currently known in the literature, apart from:

• the unicorn solutions [H6] that are the topic of Chapter 10;

• pseudo-Riemannian metrics that solve Einstein’s vacuum field equation,
which are trivially vacuum solutions in Finsler gravity as well.

8.1.3 Plane wave solutions in Brinkman and Rosen coordinates

Equation (8.3) expresses the pp-wave metric in Brinkmann form [106]. In this
form the metric reads

a = −2dudv +H(u, xa) du2 + δab dxadxb, (8.5)

where we have used the notation x = x1, y = y1, which will be somewhat more
convenient for our present purposes, and where indices a, b, c . . . run from 1 to
2, consistent with the conventions we have stuck to all along. For the descrip-
tion of the physical effects of (plane) gravitational waves in general relativity,
it is sometimes more convenient to use a different coordinate system, known as
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Rosen coordinates [107]. In our experience, this remains true in the Finsler set-
ting. When we compute the effect on the radar distance of a passing (linearized)
Randers gravitational wave in Chapter 9, our starting point will be the expres-
sion for the (exact) wave in Rosen coordinates. Therefore we briefly review the
relation between the two coordinate systems here.

Rosen coordinates can be introduced for the subclass of pp-waves known as
plane waves. These are characterized by the property that the curvature tensor
does not change (i.e. is covariantly constant) along the Euclidean ‘wave surfaces’
given in Brinkmann coordinates by du = dv = 0, i.e.

∇∂x1R
ρ
σµν = ∇∂x2R

ρ
σµν = 0. (8.6)

We remark as a side note that ∇∂vR
ρ
σµν = 0 always holds, identically, so in-

variance along du = dv = 0 is actually equivalent to invariance along the hy-
persurfaces du = 0. The conditions (8.6) are equivalent to the statement that
∂a∂b∂cH = 0 in Brinkmann coordinates (8.5), i.e. that H(u, x, y) is a quadratic
polynomial in xa (for each fixed value of u). In that case there always exists a co-
ordinate transformation that removes the linear and constant terms [79, Section
24.5] and brings the metric into the form

a = −2dudv +Aab(u)xaxb du2 + δab dxadxb (8.7)

This is the standard expression for a plane-wave metric in Brinkmann form.
Moreover, an argument completely analogous to the one given in the proof of
Lemma 6.4.5 shows that we may assume without loss of generality that the 1-form
b = du remains unchanged under the transformation to these new coordinates.

On the other hand, any such plane wave metric can also be written in Rosen
form

a = −2dUdV + hij(U)dyidyj , (8.8)

where hij is a two-dimensional Riemannian metric. And conversely, any metric
of Rosen type (8.8) can be cast in the form (8.7). The two coordinate systems
are related via

U = u, V = v − 1
2ĖaiE

i
bx
axb, xa = Eaiy

i, (8.9)

where Aab = ËaiE
i
b and Eai is a vielbein for hij in the sense that hij =

EaiE
b
jδab, satisfying the additional symmetry condition ĖaiEib = ĖbiE

i
a. Such

a vielbein can always be chosen. For details, we recommend the lecture notes
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[108] and references therein (see also the Appendix of [109]). Note that we have
momentarily labeled the y-coordinates by indices i, j, k, . . . so as to distinguish
them from indices a, b, c, . . . in order that we may employ the usual notation
with regard to the vielbein indices: Eia represents the (matrix) inverse of Eai
and indices a, b, c . . . are raised and lowered with δab, whereas indices i, j, k, . . .
are raised and lowered with hij . In this case i, j, k, . . . thus take the values 1 and
2, contrary to our standard convention. The dot that sometimes appears above
the vielbein represents a U -derivative. Since the vielbein depends only on U = u,
this derivative is equivalent to a u-derivative, and moreover, the act of raising
and lowering the a, b, c, . . . indices commutes with taking such a derivative of
the vielbein.

It is again the case that, after relabeling U, V 7→ u, v, the form of the 1-form
b = du = dU remains unchanged under this transformation, which in this case
follows trivially, since u = U . After also relabelling y 7→ x, we conclude that
we can express any Class 2 solution of plane-wave type in Rosen coordinates as
follows,

F = αϕ(β/α), a = −2dudv + hij(u)dxidxj , b = du, (8.10)

Conversely, for any choice of ϕ and hij(u), this is a vacuum solution to the field
equations in Finsler gravity if a is a vacuum solution to Einstein’s field equation.
The resulting geometry is of Berwald type with affine connection identical to the
Levi-Civita connection of a. The latter follows from the line of argument above
but is also easy to check explicitly since all Christoffel symbols of a in Rosen
coordinates with an upper index u vanish identically, and as a consequence,
b = du is covariantly constant (as we already knew, of course), so that the result
follows by Theorem 8.1.1.

8.2 Randers metrics

Next, we turn to Randers metrics [75], i.e. (α, β)-metrics of the specific form
F = α+β. We already encountered such metrics in Chapter 5. Apart from their
intrinsic value as relatively simple and computable, yet nontrivial examples of
Finsler metrics, Randers metrics have also found a wealth of applications in a
wide variety of fields such as biology, psychology, and physics. Most of the results
developed in this section are based on [H4]. We point out, though, that [H4] uses
a signature convention that is opposite to the one employed here. Before turning
to the field equations, we briefly discuss the domain of definition of the standard
Randers metric.
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8.2.1 Domain of definition

In the case where α is positive definite, it is well-known (see e.g. [110]) that
F = α + β is a positive definite Finsler metric if and only if |b| < 1. A crucial
ingredient that leads to this conclusion is the Cauchy-Schwarz inequality |β| ≤
|b|α, which does not extend in this simple form to indefinite signatures. In the
latter case, the situation therefore becomes somewhat more complex. It can be
shown using the general formula (C.14) for the determinant of the fundamental
tensor of an (α, β)-metric that

det g =
(
α+ β

α

)n+1
det a (8.11)

for Randers metrics, where n = dimM . This expression has in general no well-
defined limit as α → 0, so from this, it is clear that in Lorentzian signature, the
subbundle A can only include points (x, y) for which α ̸= 0. In order to have a
connected subbundle, one might propose to work on the subbundle consisting of
α-timelike vectors, i.e. the (forward and backward) timelike cone of α. However,
this does not work in general; one has to restrict A just a little bit further. The
following result was proven in [H4] (cf. Section 8.3 and [111] for related results).

Proposition 8.2.1. Given a Lorentzian metric α =
√

|aµνyµyν | on a manifold
M with time-orientation T and a past-pointing 1-form β that is either null or
timelike with respect to a, the Randers metric F = α + β defines a Finsler
spacetime with Lorentzian signature on

A = {(x, y) ∈ TM : aµν(x)yµyν < 0, aµν(x)Tµ(x)yν < 0} , (8.12)

i.e. the forward timelike cone of α.

In order to prove this, we start with some lemmas. Note that the result of
Proposition 8.2.1, as well as that of Lemma 8.2.3, is dependent on the signature
convention, which we recall has been chosen here as (−,+,+,+). The first lemma
is a standard result.

Lemma 8.2.2. If {Mλ}λ∈[0,1] is a continuous family of n×n-matrices such that
detMλ ̸= 0 for all λ, then the signature of Mλ is constant for λ ∈ [0, 1].

Proof. We use the well-known fact that the n eigenvalues of Mλ each depend
continuously on λ (see e.g. [112, Cor. VI.1.6]). We need to show that the respec-
tive signs of these n eigenvalue functions are constant. Suppose for contradiction
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that the k-th eigenvalue is positive for some λ1 and negative for some λ2. By
continuity, it follows from the intermediate value theorem that there must exist
some λ between λ1 and λ2 for which the eigenvalue vanishes. In that case, the
determinant of Mλ vanishes for that value of λ, which is a contradiction. Hence
the result follows.

Lemma 8.2.3. Let y be a timelike and future-oriented vector at x ∈ M , and b
a timelike or null, and past-oriented vector at x, all with respect to some time-
oriented Lorentzian metric gµν . Then gµνy

µbν > 0.

Proof. Let the time orientation be defined in terms of a nowhere-vanishing time-
like vector field v. Then the future-orientation of y and past-orientation of b
imply that gµνyµvν < 0 and gµνb

µvν > 0. Now notice that we can always pick
a basis of TxM such that v has coordinates (v0, 0, . . . , 0) with v0 > 0 and such
that gµν = ηµν = diag(−1, 1, 1, 1) is the Minkowski metric (first pick a basis
such that the metric has the form of the standard Minkowski metric, then apply
a suitable spatial rotation so that all spatial components of vµ except v1 are
mapped to 0, and finally apply an appropriate one-dimensional Lorentz boost
to make v1 vanish as well). In this basis we write y⃗ = (y1, y2, . . . , yn−1). With
this notation, the future– and past-pointing properties of y and b, respectively,
translate to y0 > 0 and b0 < 0 and the remaining properties can be stated as
|y0| > |y⃗| and |b0| ≥ |⃗b|. Combined they read |y⃗| < y0 and |⃗b| ≤ −b0. Then we
have |y⃗||⃗b| < −y0b0 and hence, in terms of the standard dot product on Rn−1,
we have

y⃗ · b⃗ ≥ −|y⃗||⃗b| > y0b0, (8.13)

by the Cauchy-Schwarz inequality, −y⃗ · b⃗ ≤ |y⃗ · b⃗| ≤ |y⃗||⃗b|. It thus follows that

gµνy
µbν = ηµνy

µbν = −y0b0 + y⃗ · b⃗ > −y0b0 + y0b0 = 0. (8.14)

Lemma 8.2.3 thus says that under the stated conditions, β > 0. The proof of
Proposition 8.2.1 is now quite simple.

Proof of Proposition 8.2.1. Lemma 8.2.3 shows that β > 0 and hence that F =
α+β > 0 on the forward timelike cone of α, so that det g is strictly negative, by
(8.11). The remainder of the proof is similar to its counterpart in the positive
definite scenario. Introduce a parameter λ and consider the family of functions

117



Chapter 8. Exact Vacuum Solutions of Berwald Type

Fλ = α + λβ for λ ∈ [0, 1]. For each value of λ, det gλ is strictly negative and
so, by Lemma 8.2.2, gλ has constant signature for λ ∈ [0, 1]. In particular gλ=1
has the same signature as gλ=0, which is just the statement that g is Lorentzian.
Since the homogeneity of F is clear, this completes the proof that F defines a
Finsler spacetime on the forward timelike cone of α with Lorentzian signature
on all of A.

8.2.2 The field equations

In general, as discussed, the vanishing of the Finsler-Ricci tensor is a sufficient
condition for a Berwald spacetime to be a solution to Pfeifer and Wohlfarth’s
field equation (7.13). For Berwald-Randers metrics it is a sufficient condition as
well.

Proposition 8.2.4. For Berwald-Randers spacetimes, the field equation is equiv-
alent to Ricci-flatness, i.e.

(Lgµν − 3yµyν)Rµν = 0 ⇔ Rµν = 0 ⇔ Ric = 0.

Proof. The equivalence between the Ric = 0 and Rµν = 0 holds in general,
and each of these trivially implies the field equation on the left. The non-
trivial part of the proof consists of showing that the field equation implies
Ricci-flatness. We first compute the fundamental tensor for a Randers space-
time F = α + β. A straightforward computation using that ∂µα = ϵyµ/α and
∂µ∂να = 1

α(ϵaµν − yµyν/α
2), where ϵ = sgn(aµνyµyν), shows that

gµν = ϵF

α
aµν + bµbν + (bµyν + bνyµ) ϵ

α
− yµyν

β

α3 . (8.15)

Although a little tedious, it’s also straightforward to check that its inverse is
given by

gµν = ϵ α

F
aµν − (bνyµ + bµyν)ϵ α

F 2 + yµyν
(β + ϵ|b|2α)

F 3 . (8.16)

Substituting this into the equation (Lgµν − 3yµyν)Rµν = 0 and using the fact
that Rµν is symmetric leads to

ϵRα(α+ β)2 − 2ϵα(α+ β)Rµνbµyν + (β + ϵ|b|2α)Rµνyµyν

− 3(α+ β)Rµνyµyν = 0, (8.17)
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where we have denoted R := aµνRµν . This is a polynomial equation in α and
we can separate it into a rational part (even powers of α) and an irrational part
(odd powers of α) as

ϵRα3 + (ϵRβ2 − 2ϵβRµνyµbν + (ϵ|b|2 − 3)Rµνyµyν)α
= 2ϵ(Rµνbµyν −Rβ)α2 + 2βRµνyµyν . (8.18)

On either of the open sets ±A > 0 (i.e. ϵ = ±1 = const), (8.18) is of the form
Pα = Q, where P and Q are both polynomial in y. We claim that this implies
that P = Q = 0. To see this, suppose for contradiction that P ̸= 0. Then we
would be able to write α = Q/P and hence α would be a rational function of
y, which contradicts Lemma 5.3.2. Hence we must indeed have P = 0, which
implies that Q = 0 as well. It thus follows that both sides of (8.18) must vanish
separately. We focus on the vanishing of the rational part,

2(Rµνbµyν −Rβ)A+ 2βRµνyµyν = 0 , (8.19)

where we have used that A = ϵα2. Differentiating twice with respect to y (while
keeping in mind that Rµν depends only on x, by the Berwald property) and
contracting with aµν leads to

4(8Rµνbµyν − 5Rβ) = 0, (8.20)

and substituting this back into equation (8.19) yields

β
(
2Rµνyµyν − 3

4RA
)

= 0, (8.21)

which implies that the expression in parentheses must vanish. This is obviously
true whenever β ̸= 0, but the remaining points where β = 0 constitute a set
with empty topological interior, and hence the conclusion that the expression in
parentheses must vanish can be extended by continuity to this set as well. Now
we perform the same trick once again; differentiating this expression twice with
respect to y and contracting with aµν results in −2R = 0. Substituting this back
into (8.21) yields Ric = Rµνy

µyν = 0, as desired.

In other words, in the context of Berwald-Randers spacetimes, the vacuum field
equations of Finsler gravity are formally identical to the vacuum field equations
of general relativity and they also coincide with Rutz’s equation [27], Ric = 0.
It turns out that these equivalences hold more generally under strict additional
smoothness requirements on the Finsler Lagrangian [40]. Without such addi-
tional constraints, however, the equivalence does not extend even to general
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(α, β)-metrics. This will be demonstrated in a forthcoming article.

Remark 8.2.5. In the final stages of writing this dissertation it came to our
attention (through discussions with Nicoleta Voicu) that the proof of Proposi-
tion 8.2.4 can be simplified by noticing the following. Since bµ is necessarily
covariantly constant for a Berwald-Randers metric by Proposition 5.3.4, it fol-
lows directly from the definition of the Riemann curvature tensor R̄ρσµν of aµν
that R̄ρσµνbσ = 0, and hence the Ricci-tensor of aµν satisfies R̄µνbν = 0. Since
R̄µν = Rµν it follows that all occurrences of Rµνbν in the proof may be replaced
by zero immediately.

8.2.3 Randers pp-waves

Proposition 8.2.4 allows us to classify all Berwald-Randers vacuum solutions to
Pfeifer and Wohlfarth’s field equation. The first step toward this end is to reduce
the problem to a classification problem in general relativity rather than Finsler
gravity.

Theorem 8.2.6. A Randers metric of Berwald type, F = α + β, is a vacuum
solution in Finsler gravity if and only if α is a vacuum solution to Einstein’s
field equation.

Proof. Since F is Berwald-Randers, Proposition 5.3.4 implies that its affine con-
nection coincides with the Levi-Civita connection of α. It follows that the as-
sociated curvature tensors and in particular the (affine) Ricci tensors must also
coincide. In particular, the affine Ricci tensor is symmetric and hence it is equal
to its symmetrization, the Finsler-Ricci tensor. Hence the Finsler-Ricci tensor
vanishes if and only if the Ricci tensor of α vanishes. By Proposition 8.2.4 this
implies the result.

Taking into account Proposition 5.3.4, it is clear that Theorem 8.2.6 can also be
formulated in the following alternative way.

Theorem 8.2.7. For a Randers metric F = α+β, the following are equivalent:

(i) F is a Berwald vacuum solution in Finsler gravity;

(ii) α solves Einstein’s equation in vacuum and F is Berwald;

(iii) α solves Einstein’s equation in vacuum and β is covariantly constant.
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Hence any vacuum solution of Berwald-Randers type is of the type of Theo-
rem 8.1.1. Combining this with Theorem 8.1.2 leads to the conclusion that any
Berwald-Randers metric that solves the vacuum field equation in Finsler gravity
must belong to either Class 1 or Class 2 in the terminology introduced in Sec-
tion 8.1.2—provided α has Lorentzian signature. We thus arrive at the following
(local) classification.

Corollary 8.2.8. A Randers metric F = α + β of Berwald type, where α is a
Lorentzian metric, is a vacuum solution in Finsler gravity if and only if one of
the following statements is true:

• There exist local coordinates (xµ) = (u, v, x, y) such that

F = α+ β =
√

|−2dudv +H(u, x, y) du2 + dx2 + dy2| + du, (8.22)

with ∆(x,y)H = 0;

• There exist local coordinates (xµ) = (t, x, y, z) such that

F = α+ β =
√

|−dt2 + dx2 + dy2 + dz2| + bµdxµ, (8.23)

with bµ = constant.

The second class of solutions in the theorem may be viewed as a Randers analog
of the Bogoslovsky/very special relativity line element [113, 114, 115, 116]. The
first class, on the other hand, may be viewed as a Randers analog of the Finsler
pp-waves of m-Kropina type [43], and to a large extent also as an analog of the
very general relativity spacetimes introduced in [44].

8.3 Modified Randers metrics

In the preceding section, we discussed solutions of Randers type, with Finsler
metric F = α + β. We will argue below, however, that in order to obtain a
physically natural causal structure (including, for instance, both a forward and
a backward light cone), the conventional definition of the Randers metric must
be modified slightly. As we will see, this will not impact the characterization of
exact solutions at all. The content in this section is based mostly on [H5].

After a heuristic argument that motivates the desired modification, we show
that the modified Randers metric has, in particular, a very satisfactory—even
pseudo-Riemannian—causal structure. As a result of this, a clear (future and
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past) timelike cone can be identified and within these timelike cones the signature
of the Fundamental tensor is Lorentzian everywhere. The only constraint is that
|b|2 ≡ aµνbµbν > −1, which, interestingly, is in some sense the opposite2 of
the condition |b|2 < 1 that appears in the well-known positive definite case,
see e.g. [110]. Note that in our case, |b|2 is allowed to be positive as well as
negative, which is one of the properties—others will be discussed below—that
distinguishes the modified Randers metrics from standard Randers metrics, for
which the constraint is given by3 −1 < |b|2 ≤ 0 [111].

In contrast to the preceding sections and the rest of Part III, we will mo-
mentarily set aside our assumption that dimM = n = 4 and allow our manifold
to have any dimension.

8.3.1 Motivation and definition

First of all, let us review why it is not that obvious in Lorentzian signature what
the ‘most natural’ definition of the Randers metric should be, starting at the
very beginning. The original definition of a Randers metric, in positive definite
Finsler geometry, is that it is just a Finsler metric of the form F = α + β,
where α =

√
aijyiyj is a Riemannian metric and β = biy

i any 1-form. This is
well-defined as long as aij is positive-definite because in that case A ≡ aijy

iyj

is always positive for nonvanishing vectors y. If we allow aµν to be a Lorentzian
metric, however, the quantity A can become negative, in which case

√
A is ill-

defined, as we want F to be a real function. One way to remedy this, at least
at a technical level, is to simply restrict the domain A ⊂ TM0 to those vectors
for which aµνy

µyν > 0 (or alternatively, aµνyµyν < 0). This is the approach
that was taken in [H4] and Proposition 8.2.1 can be interpreted in that context4.
However, restricting A in this way leads to issues when it comes to the physical
interpretation, so here we take a different approach.

The obvious first alternative to restricting A to vectors with positive norm
is to simply replace A by |A| and define α =

√
|A|, as we have done throughout

this dissertation. Such a definition still has the side effect that F is not smooth
on vectors satisfying A = 0, but the upside is that there’s no need a priori

2If one were to adopt the opposite signature convention to ours, however, the constraint in
the Lorentzian case would also turn out to be |b|2 < 1, matching the positive definite case.

3This constraint applies to the situation where the signature is required to be Lorentzian
within the whole timelike cone. It should not be confused with the situation corresponding e.g.
to Proposition 8.2.1 where the region with Lorentzian signature might be strictly smaller.

4Since the signature convention in [H4] is opposite to the one employed here, the condition
aµνy

µyν > 0 in that case precisely select the timelike vectors. With our current conventions,
however, the relevant condition is aµνy

µyν < 0 as in Proposition 8.2.1.
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to restrict A to the timelike cone of α anymore. This modification leads to a
Randers metric of the form F =

√
|A| + β, which is just the standard Randers

metric as we have defined it earlier. Mathematically it clearly is the most natural
extension of the original definition.

From a physics perspective, however, this definition has the undesirable con-
sequence that light rays can only propagate into one half of the tangent space,
namely the half given by β ≤ 0. This follows immediately from the null con-
dition F = 0. Already in the simplest case—the one in which the 1-form is
timelike—this leads to a situation where the light cone separates the tangent
space into only two rather than three connected components5, resulting in only
one timelike cone, not both a forward and a backward one. Consequently, there
is not a straightforward interpretation in terms of (future and past) timelike,
spacelike, and lightlike directions, at least not in the conventional way6.

We therefore take the viewpoint that outside of the half-space β ≤ 0 in each
tangent space, this version of the Randers metric is not valid, but needs to be
modified. It turns out that it is possible to remove the constraint β ≤ 0—
extending the lightcone to the other half-space β > 0—by changing F into
F = sgn(A)

√
|A|+ sgn(β)β = sgn(A)

√
|A|+ |β|. The result of this is, effectively,

that under some mild assumptions (details will follow below), the single light
cone (from the β ≤ 0 half space) is mirrored to the complementary β ≥ 0 half
space, whereas in the cone consisting of α-timelike vectors—the domain of the
standard Randers metric (cf. Proposition 8.2.1)— F reduces to the standard
Randers metric with an overall minus sign, F = −(α+ β), by Proposition 8.2.1.
The overall minus sign is not of any relevance and may simply be removed as
a matter of convention. In particular, F is now reversible, i.e. invariant under
y → −y.

The preceding heuristic argument motivates the following definition.

Definition 8.3.1. A modified Randers metric is a Finsler metric of the form,

F = sgn(A)α+ |β|, (8.24)

where we recall for completeness that α =
√

|A|, A = aµνy
µyν , β = bµy

ν .

It is worth pointing out that we could have chosen a minus sign instead of a plus
sign in the definition of the modified Randers metric, which would have been
just as natural. But it turns out that in that case the resulting Finsler metric

5This can be checked easily in suitable coordinates adapted to β.
6We note that in some approaches a single, future pointing (by definition) cone is deemed

to be sufficient [97, 19].
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would not be guaranteed to have Lorentzian signature everywhere inside of the
timelike cones7. The plus variant does have this property (as long as |b|2 > −1),
as we will discuss in detail below.

8.3.2 Causal structure

Our task is now to show that the modified Randers metric (8.24) indeed has very
nice properties, starting with its causal structure, i.e. the structure of its light
cone. By definition, the light cone is given by

F = 0 ⇔ sgn(A) ≤ 0 ∧ |A| = |β|2 ⇔ A = −β2, (8.25)

and thus it follows that

F = 0 ⇔ (aµν + bµbν)dxµdxν = 0, (8.26)

meaning that the light cone of F is given precisely by the light cone of ãµν =
aµν + bµbν , which is itself a Lorentzian metric provided that |b|2 > −1, as shown
by the following Lemma.

Lemma 8.3.2. Let aµν be a Lorentzian metric and bµ a 1-form such that |b|2 =
aµνb

µbν > −1. Then ãµν = aµν + bµbν is also a Lorentzian metric.

Proof. We have to show that ãµν has Lorentzian signature. First, the matrix
determinant lemma for rank-one updates (see e.g. [117]) says that

det ã = (1 + |b|2) det a. (8.27)

Since |b|2 > −1 this implies that det ã has the same sign as det a, and since aµν
is Lorentzian, this implies ã has negative determinant everywhere. In 4D this
immediately implies that ã is Lorentzian (although the signs of the eigenvalues
might be flipped with respect to aµν), but we’ll allow the dimensionality to be
arbitrary here. Consider the continuous family of 1-forms b(η)

µ = ηbµ, where
η ∈ [0, 1], and define a(η)

µν = aµν + b
(η)
µ b

(η)
ν . For any η we have

det a(η) =
[
1 + |b(η)|2

]
det a =

[
1 + η2|b|2

]
det a, (8.28)

7In case one employs the opposite signature convention (+,−,−,−) the converse would
be true. In that case the preferable choice would be F = sgn(A)α − |β| rather than F =
sgn(A)α+ |β|.
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so det a(η) ̸= 0 and hence it follows by Lemma 8.2.2 that a(η) has the same
signature for all values of η. In particular, ã = a(1) has the same signature as
a = a(0), which is Lorentzian signature.

The fact that, as long as |b|2 > −1, the light cone of F coincides with the light
cone of a pseudo-Riemannian metric, implies that this light cone separates the
tangent space at each point into three connected components, which we can
naturally interpret as the forward timelike cone, backward timelike cone, and
the remainder consisting of spacelike vectors. Coincidentally we note that

F < 0 ⇔ (aµν + bµbν)yµyν < 0, (8.29)

from which it also follows that

F > 0 ⇔ (aµν + bµbν)yµyν > 0. (8.30)

This leads to the additional convenience that F -timelike vectors are precisely
given by F < 0, and F -spacelike vectors by F > 0, in addition to the null
vectors that are given, by definition, by F = 0. We summarize these results in
the following proposition.

Proposition 8.3.3. As long as |b|2 > −1, the causal structure of the modified
Randers metric F = sgn(A)α + |β| is identical to the causal structure of the
Lorentzian metric aµν + bµbν , with null vectors given by F = 0, timelike vectors
given by F < 0, and spacelike vectors by F > 0.

As a result of these nice features of the causal structure of the modified Randers
metric, it is possible to define time orientations in a way similar to how they are
defined in general relativity, namely by means of a nowhere vanishing timelike
vector field T . Such T selects one of the two timelike cones as the ‘forward’
one, namely the one that contains T . Then another timelike vector y is future-
oriented (i.e. lies in the forward timelike cone) if and only if (aµν+bµbν)Tµyν < 0.
We note that similar characterizations of time orientations in Finsler spacetimes
(although not in terms of an auxiliary pseudo-Riemannian metric, like aµν+bµbν)
have been discussed in [97].

In the special case that β is covariantly constant with respect to α (equiva-
lently, F is Berwald)—a case that is interesting from the point of view of exact
solutions—we have even stronger results. In that case, not only the causal struc-
ture but also the affine structure (i.e. affine connection) of F can be understood
in terms of aµν + bµbν . In order to prove this, we start by characterizing the
affine structure of the latter.
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Lemma 8.3.4. Assuming that |b|2 > −1, the Christoffel symbols of ãµν = aµν +
bµbν can be expressed as

Γ̃ρµν = Γ̊ρµν + 1
1 + |b|2

bρ∇̊(µbν) −
(
aρλ − 1

1 + |b|2
bρbλ

)(
bµ∇̊[λbν] + bν∇̊[λbµ]

)
,

in terms of the Christoffel symbols Γ̊ρµν and Levi-Civita connection ∇̊ of aµν .

Before proving this, we point out the following immediate corollary8.

Corollary 8.3.5. If ∇̊µbν = 0 then Γ̃ρµν = Γ̊ρµν .

Proof of Lemma 8.3.4. It can easily be checked that the inverse of ãµν is given
by

ãµν = aµν − 1
1 + |b|2

bµbν . (8.31)

Unless otherwise specified (as in the case of Γ̃ below!) indices are raises and
lowered with aµν . Writing Γ̊λµν = aλρΓ̊ρµν and Γ̃λµν = ãλρΓ̃ρµν we first note that
we can express the latter as

Γ̃λµν = 1
2 (∂µãλν + ∂ν ãµλ − ∂λãµν) (8.32)

= Γ̊λµν + bλ∂(µbν) − bµ∂[λbν] − bν∂[λbµ], (8.33)

where (µ, ν) denotes symmetrization and [µ, ν] denotes anti-symmetrization. It
thus follows that

Γ̃ρµν = ãρλΓ̃λµν (8.34)

=
(
aρλ − 1

1 + |b|2
bρbλ

)(
Γ̊λµν + bλ∂(µbν) − bµ∂[λbν] − bν∂[λbµ]

)
(8.35)

= Γ̊ρµν − 1
1 + |b|2

bρbλΓ̊λµν +
(
aρλ − 1

1 + |b|2
bρbλ

)
bλ∂(µbν) (8.36)

−
(
aρλ − 1

1 + |b|2
bρbλ

)(
bµ∂[λbν] + bν∂[λbµ]

)
. (8.37)

8This corollary can also be proven without reference to Lemma 8.3.4, by simply noticing
that ∇̊ρãµν = 0, which implies that ∇̊ must also be the Levi-Civita connection of ãµν .
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The second and third term add up to

− 1
1 + |b|2

bρbλΓ̊λµν +
(
aρλ − 1

1 + |b|2
bρbλ

)
bλ∂(µbν) (8.38)

= − 1
1 + |b|2

bρbλΓ̊λµν + bρ∂(µbν) − |b|2

1 + |b|2
bρ∂(µbν) (8.39)

= − 1
1 + |b|2

bρbλΓ̊λµν + 1
1 + |b|2

bρ∂(µbν) (8.40)

= 1
1 + |b|2

bρ
(
∂(µbν) − bλΓ̊λµν

)
(8.41)

= 1
1 + |b|2

bρ∇(µbν), (8.42)

which results in

Γ̃ρµν = Γ̊ρµν + 1
1 + |b|2

bρ∇(µbν) −
(
aρλ − 1

1 + |b|2
bρbλ

)(
bµ∂[λbν] + bν∂[λbµ]

)
.

(8.43)

Finally, we may replace all partial derivatives with covariant ones because

2∇[λbν] = ∇λbν − ∇νbλ = ∂λbν − ∂νbλ = 2∂[λbν]. (8.44)

That yields the desired formula.

Theorem 8.3.6. If β is covariantly constant with respect to α and satisfies |b|2 >
−1 then the causal structure and the affine structure of the modified Randers
metric F = sgn(A)α + |β| are identical to those of the Lorentzian metric ãµν =
aµν + bµbν . In other words, the timelike, spacelike, and null geodesics of F
coincide with the timelike, spacelike, and null geodesics, respectively, of ãµν .

Proof. Proposition 8.3.3 guarantees that the causal structures coincide. By
Proposition 5.3.4 it follows that the affine structure of F coincides with that
of α and Corollary 8.3.5 shows that this affine structure is the same as that of
ãµν .

We note that in the proof of Theorem 8.3.6, we have applied Proposition 5.3.4,
which is a result for standard Randers metrics. Strictly speaking, however, the
modified Randers metric F is not even an (α, β)-metric, let alone a Randers
metric. This is because F depends not only on α and β but also on the sign
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of A. The following argument shows that Proposition 5.3.4 is nevertheless valid
also in this case.

If we denote by A the maximal conic subbundle of TM on which F satisfies
all axioms of a Finsler metric then we have A ⊂ A++ ∪ A+− ∪ A−+ ∪ A−− in
terms of the conic subbundles

A±± = {(x, y) ∈ A : ±A > 0,±β > 0}, (8.45)

where the first (second) ± on the LHS refers to the first (second) ± on the RHS.
This decomposition holds because F is differentiable neither at A = 0 nor at β =
0, so that these zero sets are not contained in A. On each of the subdomains A±±,
F is just a standard Randers metric (perhaps up to an irrelevant overall minus
sign) and this is why many of the results for standard Randers metrics carry over
to modified Randers metrics. This is true in particular for Proposition 5.3.4 and
hence the proof of Theorem 8.3.6 is perfectly valid. We will come back to this
in the context of exact solutions later.

Apart from the intrinsic significance of Theorem 8.3.6, one of its nice conse-
quences is the existence of so-called radar neighborhoods [118]. In words, this
means that, given any observer and any spacetime point sufficiently close to the
observer’s worldline, there is (at least locally) exactly one future-pointing light
ray and one past-pointing light ray that connect that point to the worldline of
the observer. The precise statement is as follows.

Proposition 8.3.7 (Existence of radar neighborhoods). Consider a Finsler
spacetime with modified Randers metric of Berwald type and with |b|2 > −1,
let γ be a timelike curve and let p = γ(λ0) be some point on γ. Then there are
open subsets U and V with p ∈ U ⊂ V such that every point q ∈ U \ image(γ) can
be connected to γ by precisely one future-pointing and precisely one past-pointing
null geodesic that stays within V .

Proof. This result has been proven in [118] for spacetimes with a Lorentzian
metric rather than a modified Randers metric. However, the statement relies only
on the properties of null geodesics and timelike curves. By Theorem 8.3.6, null
geodesics and timelike curves of the modified Randers metric can be understood
as null geodesics and timelike curves, respectively, of some Lorentzian metric
(note that F being Berwald implies that ∇̊µbν = 0, by Proposition 5.3.4). Hence
the result extends immediately to our case.

The set U is called a radar neighborhood of p with respect to γ. The existence of
radar neighborhoods will play an important role in Chapter 9 when we calculate
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the radar distance to a given spacetime point during the passing of a Finslerian
gravitational wave of modified Randers type and compare it to the result for a
classical general relativistic gravitational wave. Proposition 8.3.7 essentially says
that this radar distance is a well-defined notion to begin with.

8.3.3 Signature and regularity

Our next objective is to determine the signature and regularity (i.e. degree of
smoothness) of F . Provided α is Lorentzian, we will find the signature of F to
be Lorentzian everywhere within the timelike cone, except (trivially) at those
points where F is degenerate or not smooth, i.e. at the irregularities of F . This
holds irrespective of the properties of the 1-form. Therefore we will be interested
in the subset of the timelike cone where F is not regular. Ideally, this subset is
empty, and we will see that when β is timelike or null this is indeed the case.

Signature of the fundamental tensor

The determinant of the fundamental tensor of an (α, β)-metric F = αϕ(s), with
s = β/α is given by

det g = ϕn+1(ϕ− sϕ′)n−2(ϕ− sϕ′ + (sgn(A)|b|2 − s2)ϕ′′) det a, (8.46)

where n = dimM and the prime denotes differentiation with respect to s. This
formula, which appeared originally in [H5], is a generalization of a well-known re-
sult for positive definite (α, β)-metrics, and its proof can be found in Appendix C.
Because of the appearance of sgn(A) the expression is slightly different from its
positive definite counterpart, to which it reduces when A > 0, i.e. sgn(A) = 1.
For a modified Randers metric of the form F = sgn(A)α+ |β| the function ϕ is
given by ϕ(s) = sgn(A) + |s|, so (8.46) reduces to

det g
det a = sgn(A)n−1 (sgn(A) + |s|)n+1 =

(
sgn(A)F

α

)n+1
. (8.47)

We denote by A the maximal conic subbundle of TM on which F satisfies all
axioms of a Finsler metric. The precise characteristics of A are yet to be deter-
mined, but since F is differentiable neither at α = 0 nor at β = 0, A can clearly
only contain points (x, y) ∈ TM0 that satisfy α ̸= 0 and β ̸= 0. We will tacitly
use this fact in what follows.

Lemma 8.3.8. In even dimension n, the subset of A on which g has Lorentzian
signature is given precisely by those points in A that satisfy sgn(A)F > 0.
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Proof. Consider the family of functions Fλ = (1 −λ)sgn(A)α+λF = sgn(A)α+
λ|β| for λ ∈ [0, 1] and suppose first that sgn(A)F > 0. Then both sgn(A)F0 =
α > 0 and sgn(A)F1 = sgn(A)F > 0, and since Fλ = (1 − λ)F0 + λF1 is a
convex sum, this implies that sgn(A)Fλ > 0 for each λ. Since we also know that
det a < 0, (8.47) then implies that det gλ has the same sign for each λ and hence
it follows from Lemma 8.2.2 that the signature of g = g1 is the same as that of
ϵa = g0, i.e. Lorentzian.
Conversely, if sgn(A)F ≤ 0 then (8.47) shows that det g ≥ 0, as n+ 1 is assumed
to be odd. Hence in this case g is certainly not Lorentzian.

Let us investigate what this set sgn(A)F > 0 looks like. First note that F <
0 trivially implies A < 0, meaning that the F -timelike cone (recall Proposi-
tion 8.3.3) lies completely within the A-timelike cone. It follows that if F < 0
then sgn(A)F > 0 and hence the region F < 0 has Lorentzian signature. In other
words, within the entire timelike cone of F (intersected with A), the signature of
the fundamental tensor is Lorentzian. Similarly, A > 0 implies F > 0 and hence
sgn(A)F > 0, so the region A > 0 also has Lorentzian signature. What remains
is the region where simultaneously A ≤ 0 and F ≥ 0, and in this case, it is clear
that sgn(A)F ≤ 0. Hence, apart from possible irregularities, this is precisely the
subset of TM where the signature is not Lorentzian. The inequalities describing
this region can be interpreted as saying that y lies within the A-timelike cone
but outside of the F -timelike cone (or possibly on the boundary of either). In
other words, this is precisely the region in between the light cone of A and that
of F . We thus conclude that F has Lorentzian signature everywhere on A except
in the region in between the two light cones (including their boundaries9).

Figure 8.1 shows a (1 + 2)D projection of the light cone of the modified
Randers metric, and it also shows the region (in green) where the signature of
the fundamental tensor is Lorentzian, for each possible causal character of the
1-form. In each subfigure, the inner light cone is that of F and the outer light
cone that of A.

Regularity

From the definition of the modified Randers metric, it is clear that the set of
points where F (or more relevantly, F 2) is not smooth is given by A = 0 or
β = 0. We would like to know which of these points, if any, lie within the timelike

9On the light cone of A the Finsler metric is not even differentiable, so it certainly does
not have Lorentzian signature there. On the light cone of F , either A = 0, in which case the
previous comment applies, or A ̸= 0, in which case det g = 0, by (8.47), so that the point does
not lie in A.
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(8.1a) Null 1-form, ρ = 0.6 (8.1b) Null 1-form, ρ = 1.4

Figure 8.1: The figures show, for several representative values of ρ, a 3D pro-
jection of the light cone and the signature of the fundamental tensor of the
modified Randers metric F = sgn(A)α+ |β|, in coordinates such that at x ∈ M
one has A = −(y0)2 + (y1)2 + · · · + (y2)n−1 and β = ρ y0 (in the timelike case)
or β = ρ(y0 + y1) (in the null case) or β = ρ y1 (in the spacelike case). Such
coordinates can always be chosen. Green regions correspond to Lorentzian sig-
nature and red regions to non-Lorentzian signature. Figures 8.1a - 8.1f show the
physically reasonable scenarios, where |b|2 > −1. In that case, two cones can be
observed. The inner cone is the true light cone of F (i.e. the set F = 0), and
the outer cone is the light cone of aij (i.e. the set A = 0). The only region with
non-Lorentzian signature (disregarding irregularities) is precisely the gap in be-
tween the two cones, including their boundaries. If on the other hand |b|2 = −1
(Figure 8.1g) then the light ‘cone’ of F is the line y1 = y2 = y3 = 0. And if
|b|2 < −1 (Figure 8.1h) then the light ‘cone’ of F consists only of the origin.
Therefore we deem the latter two cases not physically interesting.
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(8.1c) Timelike 1-form, ρ = 0.65 (8.1d) Timelike 1-form, ρ = 0.9

(8.1e) Spacelike 1-form, ρ = 0.8 (8.1f) Spacelike 1-form, ρ = 2
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(8.1g) Timelike 1-form, |b|2 = −1. (8.1h) Timelike 1-form, |b|2 < −1.

cone of F , or perhaps on its boundary, the light cone. First, we focus on the
possibility that A = 0. As observed above and confirmed visually in Figure 8.1,
the F -timelike cone lies completely within the A-timelike cone, which implies
that none of the A = 0 irregularities lie within the F -timelike cone. But they
might lie on the light cone, namely if the light cone of A and the light cone
of F have a nonempty intersection. The specifics of this are straightforward to
derive, but depend on the (pointwise) causal character of the 1-form β; we list
the results below and leave the details to the reader. The easiest way to check
these properties is to use coordinates in which

A = −(dx0)2 + δijdxidxj , β =


ρdx0 timelike
ρ (dx0 + dx1) null
ρdx1 spacelike

(8.48)

at a given point x ∈ M . Such coordinates always exist10. In each of the following
cases, we consider the light cone(s) at the fixed point x.

10We recall that this can be seen as follows. First, since aij is Lorentzian, it is always possible
to choose coordinates such that A is just the Minkowski metric at a given point x ∈ M .
Writing bµ = (b0, b1, . . . bn−1) in these coordinates, we may apply a spatial rotation to the
coordinates b1, . . . , bn−1, such that they are transformed into (b1, 0, . . . , 0), leaving the metric
at x unchanged. Then bµ = (b0, b1, 0, . . . , 0). Now we separate the three cases. If |b|2 = 0, it
follows that b1 = ±b0 and by applying—if necessary—a spatial reflection in the x1 direction
we may choose either sign. If |b|2 < 0 then we may go to the local rest frame by a Lorentz
transformation, resulting in b1 = 0. If on the other hand |b|2 > 0 we may perform a Lorentz
transformation resulting in b0 = 0.
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• If β is timelike at x and |b|2 > −1 then the light cones do not intersect
(apart from the trivial intersection in the origin). Hence not only the F -
timelike cone but also its boundary, the light cone, lies completely within
the (interior of the) light cone of A.

• If β is null at x then the intersection of the two lightcones is given by those
yµ that are multiples of bµ. This intersection thus spans a single line in
the tangent space.

• If β is spacelike at x (and assuming dimM > 2) then aij induces an (n−1)-
dimensional Lorentzian metric on the hypersurface β = 0. The two light
cones intersect along the light cone of this induced Lorentzian metric. In
Figure 8.1e and Figure 8.1f, which are 3D projections, the latter is given
by y0 = ±y2; hence the intersection appears as a pair of lines.

• If |b|2 = −1 then the light cone of F is given by a single line, namely the
line consisting of all multiples of bµ. In Figure 8.1g this is just the y0-axis.

• If |b|2 < −1 then the light cone of F is given by the single point y = 0.

This sums up the A = 0 irregularities on the light cone of F . Regarding the
β = 0 irregularities, note that β = aµνb

µyµ = 0 if and only if yµ is orthogonal
to bµ. The orthogonal complement to a timelike vector is spacelike, so if bµ is
timelike, β cannot vanish on A-timelike vectors and hence in particular β ̸= 0 in
the F -timelike cone. If bµ is null, on the other hand, then the only nonspacelike
vectors orthogonal to it are multiples of bµ itself. These coincide with the A =
0 irregularities in the second bullet point above. Only in the case that bµ is
spacelike will there be β = 0 irregularities inside the F -timelike cone, namely all
A-timelike vectors orthogonal to bµ.

Now let us combine everything we have worked out in this section so far.
A modified Randers metric with |b|2 > −1 has Lorentzian signature everywhere
within its timelike cone, with the exception of possible irregularities in the cone.
The latter are given either by β = 0, characterized in the preceding paragraph,
or by A = 0, corresponding to one of the intersections listed in the bullet list
above, depending on the causal character of β. We may thus summarize the
results as follows, focusing for clarity on the case where the 1-form has a global
causal character, i.e. is everywhere timelike, spacelike or null.
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Regularity and Signature - Summary

Let F be a modified Randers metric with |b|2 > −1.

• If β is timelike at then F is smooth and has Lorentzian signature within
its timelike cone. On the light cone, F is smooth but degenerate.

• If β is null then F is smooth and has Lorentzian signature within its
timelike cone. On the light cone, F is degenerate and there is a 1–
dimensional irregularity where F is not smooth, namely the line spanned
by bµ.

• If β is spacelike then within its timelike cone, F has Lorentzian signa-
ture but has an (n− 1)-dimensional irregularity where F is not smooth,
given by the hyperplane β = 0. On the light cone, F is degenerate and
there is an (n−2)-dimensional irregularity where F is not smooth, given
by the light cone of the induced metric on the submanifold β = 0.

If |b|2 ≤ −1 the timelike cone is the empty set, suggesting that this case is not
physically relevant.

Clearly, the timelike case is the winner in terms of desirable properties from the
point of view of physics. But the null case is a close runner-up, and even the
spacelike scenario is acceptable. In particular, the set where F is not smooth
has measure zero and empty interior in each of the cases, provided dimM > 2.
This is true even when the 1-form is spacelike. On the other hand, the classical
Randers metric can only be considered a physically reasonable Finsler spacetime
if the 1-form is either null or timelike [111], and even in these cases, there is
only a future timelike cone (or only a past timelike cone, but not both). This
motivates the use of modified Randers metrics rather than standard Randers
metrics in Finsler gravity.

8.3.4 Exact vacuum solutions

As noted already below Theorem 8.3.6, a modified Randers metric F is ‘locally’
just a standard Randers metric, in the sense that the domain A of F can be
decomposed into several parts, on each of which F reduces to a standard Ran-
ders metric. That means that on each of the individual subdomains, all results
obtained in Section 8.2 are applicable. And since the classification results per-
taining to exact solutions do not depend on the specifics of the domain, it follows
that the results remain true also for modified Randers metrics considered on their
entire domain A. We summarize the most important ones below.
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• For modified Randers metrics of Berwald type, Pfeifer and Wohlfarth’s
field equation is equivalent to Rutz’s equation, which comes down to Ricci-
flatness, Ric = 0, or equivalently, Rµν = 0. This is the analog of Proposi-
tion 8.2.4.

• From this, it follows that a modified Randers metric F = sgn(A)α + |β|
of Berwald type is a vacuum solution (to any and each of these equations)
if and only if α is a vacuum solution to Einstein’s equations. This is the
analog of Theorem 8.2.6.

• The analog of the final classification result, Corollary 8.2.8, holds for mod-
ified Randers metrics as well.
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CHAPTER 9

Finsler Gravitational Waves

The aim of this chapter, which is based mostly on [H5], is to attach a physi-
cal interpretation to, and investigate the physical consequences of, the (plane)
pp-wave solutions of (α, β)-metric type obtained in Section 8.1. We will achieve
this by means of a two-fold linearization procedure, after which the whole class
of solutions essentially reduces to a single family of Randers gravitational waves
parameterized by a + and a × polarization, for which it is possible to calcu-
late exactly what happens when such a wave passes, say, a gravitational wave
interferometer on Earth.

The relevant observable measured in interferometer experiments is essentially
the radar distance, so we compute this radar distance for our Finslerian gravi-
tational waves, reproducing in the appropriate limit the radar distance formula
for a standard gravitational wave in general relativity (GR) [45]. Although at
first sight, the expression for the Finsler radar length looks quite different from
its GR counterpart, we show that this is nothing but a coordinate artifact. Re-
markably, when the Finslerian expression is interpreted correctly in terms of
observable quantities, it becomes clear that the two expressions are in fact iden-
tical, suggesting that there is no observational difference between the Finsler and
GR case, at least as far as radar distance measurements are concerned.

This is the first example of a situation in which an explicit expression for
the Finslerian radar distance could be obtained in the case of finite spacetime
separations1, and as such our results may be viewed in part as a proof of concept.

1In the case of infinitesimal spacetime separations the radar length has been studied in
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9.1 Linearized pp-wave solutions

There are two steps to the linearization. First, we linearize in the departure from
flatness by writing the Lorentzian part α (or rather A) as the flat Minkowski met-
ric plus a small deviation, resulting in a standard general relativistic linearized
gravitational wave. Second, we linearize in the departure from GR, reducing the
class of (α, β)-metrics to metrics of Randers type. Our starting point will be the
expression (8.10) for the plane wave solutions in Rosen coordinates.

9.1.1 Linearized gravitational wave solutions

As anticipated, we start by linearizing the plane wave metric

A = −2dudv + hij(u)dxidxj (9.1)

appearing in (8.10) in its departure from flatness. In other words, we consider
the scenario that α is very close to the flat Minkowski metric. In this case we
may write hij(u) = δij + εfij(u) with ε ≪ 1. The linearized field equations (i.e.
to first order in ε) for α then read2

f ′′
11(u) + f ′′

22(u) = 0. (9.2)

Hence f11 and −f22 must be equal up to an affine function of u. Here we will
focus on the case where f11 = −f22, which can always be achieved by means
of the transverse traceless gauge3. Conventionally one writes the subscripts as
f11 = −f22 =: f+ and f12 = f21 =: f×, denoting the plus– and cross-polarization
of the gravitational wave, so we will stick to that notation from here onwards.
That brings us to the Finsler metric

F =αϕ(β/α), (9.3){
A = −2dudv + (1 + εf+(u))dx2 + (1 − εf+(u))dy2 + 2εf×(u)dx dy
β = du

[119, 120].
2The (linearized) vacuum field equation for F is more complicated in general, but as dis-

cussed extensively in Section 8.1, if the vacuum field equation for α is satisfied then so is the
field equation for F . In the case of Randers metrics, to which everything will reduce momen-
tarily, the field equation for F is even equivalent to the field equations for α. Hence for our
present purposes, the field equations for α suffice.

3We leave open the question of whether the form of the 1-form β = du always remains
invariant under such a transformation to the transverse traceless gauge.
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9.1. Linearized pp-wave solutions

Note that if we substitute u = (t − z)/
√

2 and v = (t + z)/
√

2, then A re-
duces to the standard expression for a gravitational wave metric in GR. In these
coordinates, the Finsler metric reads

F = αϕ(β/α), (9.4)
A = −dt2 + dz2 + (1 + εf+(t− z))dx2 + (1 − εf+(t− z))dy2

+2εf×(t− z)dx dy
β = 1√

2 (dt− dz) .

We will thus refer to such Finsler metrics as (Finslerian) gravitational wave met-
rics.

9.1.2 Linearized (α, β)-metrics are Randers metrics

It is natural to linearize not only in ε, characterizing the departure from flatness,
but to also use a perturbative expansion in the ‘size’ of the 1-form, characteriz-
ing the departure from GR and pseudo-Riemannian geometry. In other words,
we consider gravitational waves that deviate only slightly from the well-known
general relativistic ones. The purpose of this section is to highlight that any
(α, β)-metric is equivalent to a Randers metric, to first order in this expansion,
so that from a physics point of view, Randers metrics are quite a bit more general
than they might seem at first glance.

So consider an (α, β)-metric constructed from a pseudo-Riemannian metric
α and a 1-form β such that β ≪ 1. To see what happens in such a scenario, we
replace β with λβ and expand to first order in λ. Then we obtain

F = αϕ

(
λβ

α

)
≈ α

(
ϕ(0) + λϕ′(0)β

α

)
= αϕ(0) + λϕ′(0)β = α̃+ β̃. (9.5)

Hence to first order in λ, any (α, β)-metric is indeed equivalent to a Randers
metric4. Consequently, by replacing du by λdu in (9.3), which technically can
be achieved by a coordinate transformation that scales u by λ and v by 1/λ, it
follows that to first order in λ the Finsler metric of the (α, β)-type gravitational

4Actually, this is not true for all (α, β)-metrics but only those which allow an expansion
around s = β/α = 0. This excludes some of the m-Kropina metrics, for instance, because these
are not always well-behaved in the limit β → 0.
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waves takes the form,

F = α+ β, (9.6){
A = −2dudv + (1 + εf+(u))dx2 + (1 − εf+(u))dy2 + 2εf×(u)dx dy
β = λdu

The parameter λ then characterizes the departure from GR and pseudo-
Riemannian geometry. We will assume without loss of generality that λ > 0.

One more step is necessary to arrive at the Finsler metric that we will take
as the starting point for the calculation of the radar distance in Section 9.2. And
this step has to do with the causal structure of the Randers metric. We carefully
argued in Section 8.3 that the physically relevant version of the Randers metric
is not the standard one, but that one should prefer the modified Randers metric.
Accordingly, the physically relevant version of the Finslerian gravitational wave
metric is given by

F = sgn(A)α+ |β|, (9.7){
A = −2dudv + (1 + εf+(u))dx2 + (1 − εf+(u))dy2 + 2εf×(u)dx dy
β = λdu

For completeness, we also include the form of the Finsler metric in the coordi-
nates (t, x, y, z) defined right below (9.3):

F = sgn(A)α+ |β|, (9.8)
A = −dt2 + dz2 + (1 + εf+(t− z))dx2 + (1 − εf+(t− z))dy2

+2εf×(t− z)dx dy
β = λ√

2 (dt− dz) ,

Let us briefly explain why this modification of the Randers metric is perfectly
allowed, even though it might seem at first glance to be in conflict with the result
obtained above that any (α, β)-metric should reduce to a conventional Randers
metric. What is important to note is that there is in principle the possibility that
different regions of the tangent bundle (subdomains of A) could house different
(α, β)-metrics, hence leading to different Randers metrics in each subdomain.

More precisely, we could define one (α, β)-metric F1 on a conic subbundle
A1 ⊂ TM0 and another (α, β)-metric, F2, on a different conic subbundle A2 ⊂
TM0. If the two subbundles do not overlap then this defines a perfectly valid
(α, β)-type Finsler spacetime on the union A = A1 ∪ A2. Admittedly, it would
not satisfy the definition of an (α, β)-metric in the strict sense of Definition 5.2.1
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on its domain as a whole, but there is no reason at this point in the analysis
why we should be so strict. For our present purposes, having a physically viable
causal structure is clearly more important than adhering to a mathematically
convenient—but arbitrary from the physics perspective—definition.

To first order in the deviation from pseudo-Riemannian geometry, the so-
obtained Finsler metric would reduce to a certain Randers metric on A1 and
to a different Randers metric on A2. Hence on A as a whole, the resulting
linearized metric might not be expressible as a single standard Randers metric.
This is indeed precisely the case for the modified Randers metric. On each of
the four subsets of A given by ±A > 0,±β > 0, the modified Randers metric
F = sgn(A)α + |β| reduces to a standard Randers metric (up to a possible
overall minus sign, which is irrelevant). Our use of the modified Randers metric
is therefore completely consistent with the previous results, and it is preferred
here over the standard Randers metric because of its physically natural causal
structure and its other desirable properties.

9.2 Observational signature

Now we are finally in the position to analyze the physical effects of a passing
Finslerian gravitation wave of (α, β)-type. Our starting point will be the lin-
earized Finsler metric (9.8). Since actual gravitational wave measurements are
very often done by interferometers, which effectively measure the radar distance,
the aim of this section is to compute this radar distance during the passing of a
gravitational wave of the form (9.8).

The setup is as follows. A light ray is emitted from some spacetime location
with coordinates (t0, x0, y0, z0), travels to another location in spacetime with
coordinates (t0 + ∆t, x0 + ∆x, y0 + ∆y, z0 + ∆z), where it is reflected and after
which it travels back to the original (spatial) location, with spacetime coordinates
(t0+∆ttot, x0, y0, z0), being received there again. We are interested in the amount
of proper time that passes between emission and reception of the light ray, as
measured by an ‘inertial’ observer5 located at the spatial coordinates (x0, y0, z0).
Because light travels forward and backward during this time interval, one half of
the time interval is usually called the radar distance between the two spacetime

5In this context, we say that an observer is intertial if it would be considered an intertial
observer in the absence of the wave (i.e. for f+ = f× = 0). In other words, thinking of the
gravitational wave as having a finite duration as it passes the Earth, an observer is inertial
precisely if it is inertial before and after the wave passes. In the absence of the wave, an
observer is said to be inertial if it has constant spatial position (x, y, z) in some coordinate
system in which A = −dt2 + dx2 + dy2 + dz2 and β = du.
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points (in GR the value is sometimes multiplied by the velocity of light, c, which
we have set to 1, so as to obtain a quantity with the dimensions of distance). In
other words, the radar distance can be expressed as R = ∆τ/2. Mathematically,
to obtain the radar distance (as measured by the interferometer) to the point (t0+
∆t, x0 +∆x, y0 +∆y, z0 +∆z), we have to find the unique (cf. Proposition 8.3.7)
two null geodesics that connect this point to the worldline of the observer.

The expression for the radar distance of a standard gravitational wave in
GR has been obtained in [45] and our calculation below follows essentially the
same methods. At each step of the calculation, we will clearly point out the
differences with the corresponding situation in GR, so that it is clear where each
of the Finslerian effects (three separate effects can be identified) enters precisely.
In addition to linearizing in ε, we also use a perturbative expansion in λ, as
argued for in Section 9.1.2. In fact, rather than working to first order in λ,
we will work to second order in the Finslerian parameter, as certain important
Finslerian effects only enter at second order, as we will see. We do neglect terms
of combined order ελ2 and higher.

9.2.1 Null geodesics

As explained above, our goal is to find the unique two null geodesics that connect
this point to the worldline of the observer. As long as the interferometer is
sufficiently small in its spatial extent and the time window of observation is not
too large, Proposition 8.3.7 guarantees that this can be done. The first important
observation here is that the geodesics in a modified Randers gravitational wave
spacetime with Finsler metric F = sgn(A)α + |β| as in (9.8) coincide with the
geodesics of the GR spacetime with metric A because the affine connection of
F coincides with the Levi-Civita connection of A, by Corollary 5.2.2. For the
derivation of the general form of geodesics, we may therefore assume that the
geometry is given by A. Our point of departure will thus be the metric

ds2 = (9.9)
− dt2 + (1 + εf+(t− z))dx2 + (1 − εf+(t− z))dy2 + 2εf×(t− z)dx dy + dz2,

where ε ≪ 1, and we can essentially follow the corresponding calculation in GR
[45] until the moment at which the modified null condition becomes important.
Using the coordinates u = (t− z)/

√
2 and v = (t+ z)/

√
2 the geodesic equations
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to first order in ε can be written as

−u̇ =: pv = const, (9.10)
(1 + εf+(u))ẋ+ εf×(u)ẏ =: px = const, (9.11)
(1 − εf+(u))ẏ + εf×(u)ẋ =: py = const, (9.12)

v̈ + 1
2ε
(
ẋ2 − ẏ2

)
f ′

+(u) + εf ′
×(u)ẋẏ = 0, (9.13)

where (9.10)-(9.12) are obtained as first integrals using the fact that A is inde-
pendent of the coordinates v, x, y. Here an overdot denotes a derivative with
respect to the affine parameter σ. The first three equations can be rewritten to
first order as u̇ = −pv,

ẋ = (1 − εf+(u))px − εf×(u)py, ẏ = (1 + εf(u))py − εf×(u)px, (9.14)

and can be integrated (with respect to the affine parameter σ, chosen without
loss of generality such that u̇ = 1) to

u = u0 + σ, (9.15)

x = x0 + σ
[(

1 − εf̄+(σ)
)
px − εf̄×(u)py

]
, (9.16)

y = y0 + σ
[(

1 + εf̄+(σ)
)
py − εf̄×(u)px

]
, (9.17)

where

f̄+,×(σ) ≡ 1
σ

∫ σ

0
f+,×(u0 + σ)dσ (9.18)

is the averaged value of f+,×. The equation (9.13) for v can be integrated to

v̇ = −p̃u0 − 1
2ε
(
p2
x − p2

y

)
f+(u0 + σ) − εf×(u0 + σ)pxpy (9.19)

where p̃u0 = pu0 − ε
2(p2

x − p2
y)f(u0) − εf×(u0)pxpy and where pu = −v̇ (not

necessarily constant) and pu0 is its initial value at σ = 0. Integrating once again,
we obtain

v = v0 − p̃u0σ − 1
2ε(p

2
x − p2

y)σf̄+(σ) − εσ̄f×(σ)pxpy. (9.20)
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Any geodesic emanating from a given point xµ0 can thus be described by the
following parameterized path for certain values of the constants px, py and p̃u0:

u(σ) = u0 + σ, (9.21)

x(σ) = x0 + σ
[(

1 − εf̄+(σ)
)
px − εf̄×(σ)py

]
, (9.22)

y(σ) = y0 + σ
[(

1 + εf̄+(σ)
)
py − εf̄×(σ)px

]
, (9.23)

v(σ) = v0 − p̃u0σ − 1
2ε(p

2
x − p2

y)σf̄+(σ) − εσf̄×(σ)pxpy. (9.24)

We need to know the specific expression for null geodesics, however. The modi-
fied null condition or modified dispersion relation (MDR) for massless particles,
F = 0, is the first place where the Finslerian character of the gravitational wave
enters. According to Section 8.3.2, the condition F = 0 is equivalent to A = −β2,
i.e.

−2u̇v̇ + (1 + εf+(u))ẋ2 + (1 − εf+(u))ẏ2 + 2εf×(u)ẋẏ = −λ2u̇2, (9.25)

which, after substituting (9.21)-(9.24), becomes 2p̃u0 + p2
x + p2

y = −λ2. We
may therefore eliminate p̃u0 by directly substituting this null condition into the
expression (9.24) for v(σ). A generic null geodesic starting at (u0, x0, y0, v0) at
σ = 0 can therefore be described by the following parameterized path,

u = u0 + σ, (9.26)

x = x0 + σ
[(

1 − εf̄+(σ)
)
px − εf̄×(u)py

]
, (9.27)

y = y0 + σ
[(

1 + εf̄+(σ)
)
py − εf̄×(u)px

]
, (9.28)

v = v0 + σ

2 (p2
x + p2

y + λ2) − 1
2ε(p

2
x − p2

y)σf̄+(σ) − εσf̄×(σ)pxpy. (9.29)

Here we can make two important observations:

1. the effect due to the MDR or modified null condition enters at order λ2;

2. in the limit λ → 0 we recover the null geodesics of a standard gravitational
wave in GR [45].

9.2.2 Radar distance

Next, we plug in the boundary conditions at the receiving point (u0 + ∆u, x0 +
∆x, y0 + ∆y, v0 + ∆v). Note that σ = ∆u at that point, and hence from the
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middle two equations (9.27) and (9.28) we infer that

px = ∆x
∆u

(
1 + εf̄+(∆u)

)
+ εf̄×(∆u)∆y

∆u, (9.30)

py = ∆y
∆u

(
1 − εf̄+(∆u)

)
+ εf̄×(∆u)∆x

∆u, (9.31)

Plugging this into the v equation yields

2∆u∆v = ∆x2(1+εf̄+(∆u)) + ∆y2(1−εf̄+(∆u)) + 2εf̄×∆x∆y +λ2∆u2, (9.32)

or equivalently,(
1 − λ2

2

)
∆t2 =

(
1 + εf̄(∆u)

)
∆x2 +

(
1 − εf̄(∆u)

)
∆y2

+ 2εf̄×(∆u)∆x∆y +
(

1 + λ2

2

)
∆z2 − λ2∆z∆t, (9.33)

where we have used that −2∆u∆v = −∆t2 + ∆z2. This equation is solved to
first order in ε and λ2 (neglecting ελ2 terms) by6

∆t = ∆ℓ+
(

∆x2 − ∆y2

2∆ℓ

)
εf̄+(∆u) +

(∆x∆y
∆ℓ

)
εf̄×(∆u)

+ 1
2

(
∆x2 + ∆y2 + 2∆z2

2∆ℓ − ∆z
)
λ2, (9.34)

where ∆ℓ ≡
√

∆x2 + ∆y2 + ∆z2 is the Euclidean spatial distance, which coin-
cides with the radar distance in the case of flat Minkowski spacetime.

In principle, the RHS still depends on t via f̄(∆u), so (9.34) is not yet a
closed formula for ∆t. However, since f̄ only appears multiplied with ε, and
since we are only interested in the first order expression for ∆t, any zeroth order
expression for f̄ suffices in this formula. We have

6In addition to this solution there is, formally, another solution to the equation. However,
this other solution has the wrong zeroth order term, namely a negative one, which renders it
physically irrelevant.
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f̄(∆u) = 1
∆u

∫ ∆u

0
f(u0 + σ)dσ =

√
2

∆t− ∆z

∫ (∆t−∆z)/
√

2

0
f(u0 + σ)dσ

=
√

2
∆ℓ− ∆z

∫ (∆ℓ−∆z)/
√

2

0
f(u0 + σ)dσ + O(ε) (9.35)

=
√

2
∆ℓ− ∆z

∫ (∆ℓ−∆z)/
√

2

0
f

( 1√
2

(t0 − z0) + σ

)
dσ + O(ε) (9.36)

since ∆t = ∆ℓ+ O(ε). We introduce another symbol for this expression, namely

f̄(∆ℓ,∆z, t0 − z0) ≡
√

2
∆ℓ− ∆z

∫ (∆ℓ−∆z)/
√

2

0
f

( 1√
2

(t0 − z0) + σ

)
dσ, (9.37)

where the explicit display of the arguments serves to remind us that f̄ depends
only on ∆ℓ,∆z and the initial value of t − z. Since εf̄(∆u) = εf̄(∆ℓ,∆z, t0 −
z0) + O(ε2), it follows that we can rewrite (9.34) to first order in ε and λ2 as

∆t = ∆ℓ+
(

∆x2 − ∆y2

2∆ℓ

)
εf̄+(∆ℓ,∆z, t0 − z0)

+
(∆x∆y

∆ℓ

)
εf̄×(∆ℓ,∆z, t0 − z0)

+ 1
2

(
∆x2 + ∆y2 + 2∆z2

2∆ℓ − ∆z
)
λ2, (9.38)

which is a closed expression for the elapsed coordinate time interval ∆t for a light
ray traveling over a certain spatial coordinate distance, in terms of the spatial
coordinate separations and the initial value of t− z.

Now let us consider the complete trip, from xµ0 to xµ0 +∆xµ and ‘back’ to the
original spatial location. The total coordinate time elapsed during this trip is
the sum of the forward trip and the backward trip time intervals. Schematically:

∆ttot = ∆t(∆x,∆y,∆z, t0 − z0)
+ ∆t(−∆x,−∆y,−∆z, t0 + ∆t− (z0 + ∆z)), (9.39)

since the spatial interval on the backward trip is simply minus the forward spatial
interval, and since the ‘initial’ value of t−z for the backward trip is just the final
value t0 − z0 + ∆t − ∆z corresponding to the forward trip. Plugging in (9.38)
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yields

∆ttot = 2∆ℓ+ ε

(
∆x2 − ∆y2

2∆ℓ

)
f̄+,tot + ε

(∆x∆y
∆ℓ

)
f̄×,tot

+ 1
2λ

2
(

∆x2 + ∆y2 + 2∆z2

∆ℓ

)
, (9.40)

where f̄+,tot = f̄+,forward + f̄+,backward and similarly for the ×-polarization, in
terms of the forward and backward averaged amplitudes, respectively, given by

f̄+,×,forward = f̄+×,(∆ℓ,∆z, t0 − z0)

=
√

2
∆ℓ− ∆z

∫ (∆ℓ−∆z)/
√

2

0
f+,×

( 1√
2

(t0 − z0)+σ
)

dσ, (9.41)

f̄+,×,backward = f̄+,×(∆ℓ,−∆z, t0 − z0 + ∆t− ∆z) (9.42)

=
√

2
∆ℓ+ ∆z

∫ (∆ℓ+∆z)/
√

2

0
f+,×

( 1√
2

(t0 + ∆ℓ− z0 − ∆z)+σ
)

dσ.

In the last expression we have replaced ∆t by ∆ℓ in the argument of f+,×, because
to zeroth order this makes no difference, and only the zeroth order expression
for f̄+,backward is relevant because f̄+,backward always appears multiplied by ε in
the expressions we care about, like ∆ttot.

Equation (9.40) gives the total coordinate time elapsed during the trip of the
light ray forward and back. The next step in the calculation of the radar distance
R = ∆τ/2 is to convert the coordinate time interval into the proper time interval
measured by the stationary observer local to the emission and reception of the
light ray. This is where a second Finslerian effect enters. For such an observer we
have x = y = z = const and hence the 4-velocity is given by (ṫ, 0, 0, 0), where we
will assume without loss of generality that ṫ > 0. The proper time measured by
an observer is given by the Finslerian length along its worldline ∆τ = −

∫
F dσ.

If we use σ = τ as our curve parameter, differentiating with respect to it shows
that the tangent vector to the curve should be normalized, satisfying F = −1.
This is the Finsler equivalent of the fact that in GR the worldline of a particle
parameterized by proper time should always satisfy gµν ẋ

µẋν = −1 (or +1, de-
pending on the signature convention). In the case of our observer, the condition
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becomes

F = sgn(A)α+ |β| = sgn(−ṫ2)
√

|ṫ2| + |λṫ|√
2

= −|ṫ| + |λṫ|√
2

(9.43)

=
(

−1 + λ√
2

)
ṫ

!= −1, (9.44)

where we recall that λ > 0. From this, it follows that

∆τ =
(

1 − λ√
2

)
∆ttot (9.45)

along the worldline of the stationary observer. Plugging in (9.40) and (9.45) into
R = ∆τ/2 we conclude that, to first order in ε and second order in λ, the radar
distance is given by

R =
(

1 − λ√
2

)
∆ℓ+

(
1 − λ√

2

)(∆x2 − ∆y2

4∆ℓ

)
εf̄+,tot (9.46)

+
(

1 − λ√
2

)(∆x∆y
2∆ℓ

)
εf̄×,tot + λ2

4

(
∆ℓ+ ∆z2

∆ℓ

)
.

Equation (9.46) expresses the radar distance as a function of the spatial coordi-
nate distances and the initial value of t− z (the latter enters the expression via
f̄+,×,tot). In the limit λ → 0 we recover the expression for the radar distance in
the case of a standard gravitational wave in GR [45]:

R = ∆ℓ+ ε

(
∆x2 − ∆y2

4∆ℓ

)
f̄+,tot + ε

(∆x∆y
2∆ℓ

)
f̄×,tot + O(ε2). (9.47)

Before we move on, let us summarize in what ways the Finslerian parameter λ
has entered our analysis so far:

1. The null geodesics are altered due to the fact the Finsler metric induces a
modified null condition or MDR. As a result, it takes a larger coordinate
time interval for a light ray to travel a given spatial coordinate distance.
This effect works in all spatial directions, even the direction parallel to
the propagation direction of the light ray (although the effect is somewhat
different in this direction). This effect enters at order λ2.

2. The ratio of proper time and coordinate time is altered with the result
that less proper time is experienced per unit coordinate time. This effect
enters at order λ.
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There is, however, a third way in which the parameter enters. Namely in the
relation between the coordinate distance and radar distance in the absence of the
wave. For a gravitational wave in GR, these conveniently coincide; in the case
of our Randers waves, they do not. The expression (9.46) for the radar distance
derived above refers merely to coordinates. In order to make sense of the result,
we need to express the RHS in terms of measurable quantities, like the radar
distances in the various directions in the absence of the wave. Employing (9.46),
we write

∆X =
(

1 − λ√
2

)
∆x+ λ2

4 ∆x, (9.48)

∆Y =
(

1 − λ√
2

)
∆y + λ2

4 ∆y, (9.49)

∆Z =
(

1 − λ√
2

)
∆z + λ2

2 ∆z, (9.50)

for the radar distance in the x, y and z direction in the absence of the wave,
respectively, and

R0 =
(

1 − λ√
2

)
∆ℓ+ λ2

4

(
∆ℓ+ ∆z2

∆ℓ

)
, (9.51)

for the radar distance (9.46) in the relevant direction in the absence of the wave.
Eliminating the coordinate distances in favor of the physical radar distances by
virtue of the inverse transformations

∆x = ∆X
(

1 + λ√
2

+ λ2

4

)
, (9.52)

∆y = ∆Y
(

1 + λ√
2

+ λ2

4

)
, (9.53)

∆z = ∆Z
(

1 + λ√
2

)
, (9.54)

∆ℓ = R0

(
1 + λ√

2
+ 3

4λ
2
)

− ∆z2

4R0
λ2, (9.55)

= R0

(
1 + λ√

2
+ λ2

4

)
− ∆Z2

4R0
λ2, (9.56)

valid to second order in λ,we obtain our final expression for the radar distance
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in the presence of the wave:

R = R0 + ε

(
∆X2 − ∆Y 2

4R0

)
f̄+,tot + ε

(∆X∆Y
2R0

)
f̄×,tot + O(ε2, λ3, ελ2).

(9.57)

This is a remarkable result. By expressing the radar distance in terms of the
physical observables ∆X,∆Y and R0 rather than merely coordinate separations,
all dependence on λ has disappeared to the desired order and the expression is
identical to its GR counterpart (9.47)! We must conclude, therefore, that the
effect of a Randers gravitational wave on an interferometer is virtually indistin-
guishable from that of a conventional GR gravitational wave.

9.3 Concluding remarks

By obtaining an explicit expression for the radar distance of our Finslerian grav-
itational waves, we have shown that interferometer experiments are unable to
distinguish such gravitational waves from general relativistic ones. This invites
some discussion. On the one hand, the result is a bit disappointing since it indi-
cates that such measurements cannot be used to test the Finslerian character of
our universe. On the other hand, it also means that current gravitational wave
measurements are all compatible with the idea that our spacetime has a Finsle-
rian nature. Further research (theoretical as well as experimental) is necessary to
obtain a definite answer to the question of whether Finslerian gravitational waves
exist, or more generally, the question of whether our universe has a Finslerian
nature.

In this context, our radar distance result may be viewed not in the least as
a proof of concept. It shows how clear physical predictions can be extracted
from an a priori abstract Finslerian model of spacetime. In this particular case,
the predictions coincide with those of GR, but it would be highly worthwhile to
repeat such an analysis in other cases of interest.

It is important to point out that Finslerian effects may also play a role in the
generation of gravitational waves during, say, a black hole merger event. This
would lead to a Finslerian correction to the waveform and this could be measured
in interferometer experiments, at least in principle; especially since our results
show how the waveform correlates with the experimental results—namely in
exactly the same way in which the waveform of a general relativistic gravitational
wave does. In order to be able to investigate this, however, Finslerian black hole
solutions need to be better understood. A start in this direction has been made
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in [121, 102], and further research (in part by the author) is actively ongoing.
Let us also point out some of the limitations of our investigation. First of

all, it is by no means expected that the Finslerian gravitational waves discussed
here should be the only possible ones. Although being much larger than even
the complete class of all Lorentzian (i.e. non-Finslerian) geometries, the class of
(α, β)-metrics of Berwald type, to which we have restricted our analysis, is still
quite restrictive in the large scheme of (Finsler geometric) things.

Moreover, even within the class of (α, β)-metrics, our analysis is only valid
for those metrics that can be regarded as ‘close’ to a Lorentzian metric, such
that they can be approximated by Randers metrics. So even though there is
no observable difference between the Finslerian gravitational waves discussed
here and their GR counterparts, there might very well be more general types of
Finslerian gravitational waves that could be distinguished observationally from
general relativistic ones by means of interferometer experiments.

Furthermore, radar distance experiments are by no means the only way of
probing our spacetime geometry. It might be possible to detect the Finslerian
character of spacetime in some other way. We have not explored such possibilities
here, but will certainly do so in the future.

Finally, we have assumed in our calculations that the amplitude of the grav-
itational waves as well as the Finslerian deviation from general relativity are
sufficiently small such that a perturbative approach to first order in the former
and second order in the latter is valid. It would be of interest to repeat the
calculation to higher order in perturbation theory. We expect that this would in
principle be a straightforward, yet possibly tedious, exercise.
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CHAPTER 10

An Exact Cosmological Unicorn Solution

Berwald and Landsberg spacetimes (see Chapter 4) may be thought of as in-
crementally non–pseudo-Riemannian. Or in physics terms: incrementally less
reminiscent of GR. Every Berwald spacetime is also Landsberg, but provided
one adheres to the most strict definition of a Finsler metric (more strict than
ours) it has been a long-standing open question whether or not the opposite is
true. In fact, Matsumoto stated in 2003 that this question represents the next
frontier of Finsler geometry [46], and as a token of their elusivity, Bao [46] has
called these non-Berwaldian Landsberg spaces ‘[. . . ] unicorns, by analogy with
those mythical single-horned horse-like creatures for which no confirmed sight-
ing is available.’ Since 2006 some examples of unicorns have been obtained by
Asanov [47], Shen [48] and Elgendi [49] by relaxing the definition of a Finsler
space slightly, resulting in a definition like ours. Even such examples of so-called
y-local unicorns are still exceedingly rare.

In this chapter, which is based on [H6], we present a new exact vacuum solu-
tion to Pfeifer and Wohlfarth’s field equation, which is precisely such a unicorn.
It falls into one of the classes introduced by Elgendi. Interestingly we find that
these solutions have a physically viable light cone structure, even though in some
cases the signature is not Lorentzian but positive definite. In fact, the Finslerian
light cone turns out to be equivalent to that of the flat Minkowski metric, even
in the cases with the signature anomaly!

Furthermore, we find a natural cosmological interpretation of one of our so-
lutions and a promising analogy with classical Friedmann-Lemaître-Robertson-
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Walker (FLRW) cosmology. In particular, this solution has cosmological sym-
metry, i.e. it is spatially homogeneous and isotropic, and it is additionally con-
formally flat, with conformal factor depending only on the timelike coordinate.
We show that, just as in classical FLRW cosmology, this conformal factor can
be interpreted as the scale factor of the universe; we compute this scale factor
as a function of cosmological time, and we show that it corresponds to a linearly
expanding (or contracting) Finslerian universe.

10.1 A modification of Elgendi’s unicorn metrics

10.1.1 Elgendi’s class of unicorns

Elgendi recently introduced a class of unicorns [49] with Finsler metric given by

F =
(
aβ +

√
α2 − β2

)
e

aβ

aβ+
√

α2−β2 , (10.1)

in terms of a real, nonvanishing constant a (not to be confused with the metric
aµν this time) and

α = f(x0)
√

(y0)2 + ϕ(ŷ), β = f(x0)y0, (10.2)

where f is a positive real-valued function and ϕ(ŷ) = ϕij ŷ
iŷj = ϕijy

iyj is a
nondegenerate quadratic form on the space spanned by ŷ = (y1, y2, y3), with
constant, symmetric coefficients ϕij . As before, Latin indices i, j, . . . will run
over 1, 2, 3, whereas Greek induces µ, ν, . . . will run over 0, 1, 2, 3. The geodesic
spray of F is given by

G0 =
(

2f(x0)2(y0)2 − α2

f(x0)2 + a2 − 1
a2

α2 − β2

f(x0)2

)
f ′(x0)
f(x0) (10.3)

Gi = Pyi, (10.4)

where

P = 2
(
y0 + 1

af(x0)

√
α2 − β2

)
f ′(x0)
f(x0) , (10.5)

and the Landsberg tensor vanishes identically. This shows that these metrics are
indeed Landsberg, but not Berwald, since the i-components of the spray are not
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quadratic1 in y. Note that our Gk is twice the Gk in Elgendi’s paper [49], due
to a difference in convention. Explicitly then, Elgendi’s unicorns have the form

F = f(x0)
(
y0 +

√
ϕ(ŷ)

)
e

y0

y0+
√

ϕ(ŷ) . (10.6)

where we have absorbed the constant a into a redefinition of x0. (And so from
here onward there is no possibility for confusion of the constant a with the metric
aµν anymore.) For our purposes, we will modify this expression slightly, though,
for similar reasons as the ones that motivated our definition of the modified
Randers metric in Section 8.3.

10.1.2 The modified unicorn metric

The expression (10.6) defining the unicorn metric is only well-defined whenever
ϕ(ŷ) ≥ 0. If ϕ is positive definite, this is automatically the case, but in other
signatures this is not true in general. In order to extend the domain of definition
of F , an obvious first approach would be to replace ϕ by its absolute value, |ϕ|,
leading to

F = f(x0)
(
y0 +

√
|ϕ(ŷ)|

)
e

y0

y0+
√

|ϕ(ŷ)| . (10.7)

From the physical point of view, this is still not completely satisfactory, however.
This can be seen by considering the light cone corresponding to such a Finsler
metric, given by F = 0. Indeed, barring some potential problems with the
exponent to which we will come back later, the light cone would be given by
those vectors satisfying y0 = −

√
|ϕ|, which would imply that the light cone is

contained entirely within the half-space y0 < 0. Interpreting y0 for the moment
as a time direction, this would have the result that light rays can only propagate
‘backward in time’ (with regards to their parameterization). If on the other
hand, y0 is a spacelike coordinate, the analogous statement would be that light
cannot propagate in the spatial y0-direction (in contrast to the −y0-direction).
One could perhaps argue that these distinctions only pertain to the light rays
as parameterized curves and hence are not necessarily physical, but even as a
mathematical artifact, it seems odd.

1Indeed, if each Gi were quadratic this would imply that
√
α2 − β2 = (ciy

i)2 for certain
(x-dependent) coefficients ci. Rewriting gives α2 = β2 + (ciy

i)2 and taking two y-derivatives of
this (in the open set A > 0 for concreteness) shows that aij = bibj + cici. That implies that aij

has at most rank 2, which is in contradiction with its definition as a 4-dimensional Lorentzian
metric, which should have rank 4.
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This situation is reminiscent of the similar situation for Randers metrics
discussed extensively in Section 8.3. The solution in that case was to replace the
Randers metric with the modified Randers metric (8.24). Here we will perform
a similar modification of the unicorn metric based on the same ideas.

Our starting point will be the following Finsler metric:

F0 = f(x0)
(

|y0| + sgn(ϕ)
√

|ϕ|
)
e

|y0|
|y0|+sgn(ϕ)

√
|ϕ| , (10.8)

from which we define the modified unicorn metric as:

F =
{
F0 if |y0| + sgn(ϕ)

√
|ϕ| ≠ 0

0 if |y0| + sgn(ϕ)
√

|ϕ| = 0 . (10.9)

It will be confirmed in Section 10.2 that this still defines a non-Berwaldian Lands-
berg metric, justifying the term unicorn.

The case distinction is necessary since the metric (10.8) is ill-defined at vec-
tors satisfying |y0|+sgn(ϕ)

√
|ϕ| = 0, because of the division by the same number

in the exponent. F0 does not have a well-defined limit to such vectors either,
because the exponent does not stay negative in such a limit. This issue was al-
ready present for Elgendi’s unicorn (10.6), yet from a purely mathematical point
of view, this is not necessarily a problem, as one can simply opt to exclude this
set of vectors from the domain of F . From a physics perspective, however, we
want to interpret the set F = 0 as the possible propagation directions of light,
so it should not be empty.

As we will see below, our definition of F as in (10.9) ensures the existence
of a physically viable light cone while preserving also the unicorn property. This
why we prefer it in the physical context, even though it leads to a discontinuity
at the light cone as discussed in more detail below in Section 10.1.4.

10.1.3 Causal structure

First, we observe that regardless of the exact form or signature of the quadratic
form ϕ, our modified unicorn metrics have a light cone structure F = 0 that is
equivalent to that of a pseudo-Riemannian metric.

Proposition 10.1.1. The light cone of the modified unicorn metric (10.9) is
given by (

y0
)2

+ ϕ = 0. (10.10)
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Proof. The result follows from the following sequence of equivalences.

F = 0 ⇔ sgn(ϕ)
√

|ϕ| + |y0| = 0 (10.11)

⇔ sgn(ϕ)
√

|ϕ| = −|y0| (10.12)

⇔ |ϕ| =
(
y0
)2

and ϕ ≤ 0 (10.13)

⇔ ϕ = −
(
y0
)2

(10.14)

⇔ ϕ+
(
y0
)2

= 0. (10.15)

Depending on the signature of ϕ, we can make a more precise statement. In the
following corollary, the ordering of the plusses and minuses in expressions like
(+,+,+,−) and (−,+,+,+) indicates which of the coordinates—in this case,
x3 and x0, respectively—is the timelike one.

Corollary 10.1.2. Let F be the modified unicorn metric (10.9) corresponding
to some nondegenerate quadratic form ϕij. Then the following holds:

• For ϕij of signature (+,+,−) the light cone structure of F is identical to
that of the (+,+,+,−) Minkowski metric.

• If ϕij is negative definite, i.e. of signature (−,−,−) then the light cone of
F is identical to that of the (−,+,+,+) Minkowski metric.

• If ϕij is positive definite, i.e. of signature (+,+,+) then the light cone of
F is given by the zero vector, y = 0.

• For ϕij of signature (−,−,+) the light cone structure of F is identical to
that of a pseudo-Riemannian metric of signature (+,−,−,+).

This singles out the (+,+,−) and (−,−,−) signatures of ϕij as the ones that
are physically of interest, and we will mostly restrict our attention to these two
cases in what follows. Given the fact that the light cone structure in these cases
is so simple, it is natural—as discussed several times before—to interpret the
interior of the future– and past-pointing light cone as the cone of future– and
past-pointing timelike directions, respectively. In the (+,+,−) case, this leads
to the interpretation of the coordinate x3 as the timelike coordinate, with the
timelike cone given by (y3)2 > (y0)2 + (y1)2 + (y2)2, while in the (−,−,−) case,
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x0 would be the timelike coordinate, with the timelike cone given by (y0)2 >
(y1)2 + (y2)2 + (y3)2.

In analogy to the discussion in Section 8.3.2 it also follows, in the same way
that it did for modified Randers metrics, that the sign of F (x, y) is correlated
with the causal character of y. In the current scenario, however, the correlation
depends also on the signature of ϕ. The details are provided by the following
proposition.

Proposition 10.1.3 (Modified unicorn causal structure).

• If ϕ has signature (−,−,−) then

y is timelike ⇔ |y0| + sgn(ϕ)
√

|ϕ| > 0 ⇔ F > 0

y is spacelike ⇔ |y0| + sgn(ϕ)
√

|ϕ| < 0 ⇔ F < 0

y is null ⇔ |y0| + sgn(ϕ)
√

|ϕ| = 0 ⇔ F = 0

• If ϕ has signature (+,+,−) then

y is timelike ⇔ |y0| + sgn(ϕ)
√

|ϕ| < 0 ⇔ F < 0

y is spacelike ⇔ |y0| + sgn(ϕ)
√

|ϕ| > 0 ⇔ F > 0

y is null ⇔ |y0| + sgn(ϕ)
√

|ϕ| = 0 ⇔ F = 0

Proof. We start with the F < 0 equivalences. Since f(x0) is positive by assump-
tion, we have

F < 0 ⇔ sgn(ϕ)
√

|ϕ| + |y0| < 0 (10.16)

⇔ sgn(ϕ)
√

|ϕ| < −|y0| (10.17)

⇔ |ϕ| > (y0)2 and ϕ ≤ 0 (10.18)
⇔ −ϕ > (y0)2 (10.19)
⇔ (y0)2 + ϕ < 0. (10.20)

In the case with signature (−,−,−) this inequality reads (y0)2 − (y1)2 − (y2)2 −
(y3)2 < 0, which says precisely that y lies in the exterior of the light cone
(y0)2 = (y1)2 + (y2)2 + (y3)2, i.e. y is spacelike. And in the (+,+,−) case the
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inequality reads (y0)2 + (y1)2 + (y2)2 − (y3)2 < 0, which says precisely that y lies
in the interior of the light cone (y0)2 + (y1)2 + (y2)2 = (y3)2, i.e. y is timelike.
This completes the proof of the F < 0 equivalences. The F = 0 equivalences
follow trivially from the definition of a null vector and Proposition 10.1.1. Since
F > 0 if and only if neither of the previous two cases F < 0 or F = 0 is realized,
the remaining F > 0 equivalences follow automatically.

10.1.4 Signature and regularity

Next, we investigate the signature of our modified unicorn metrics. When ϕ has
Lorentzian signature, we denote by S(ϕ) the set of all ŷ = (y1, y2, y3) that are
ϕ-spacelike and by T (ϕ) the set of all ŷ that are ϕ-timelike.

Proposition 10.1.4. Consider a modified unicorn metric F as in (10.9).

• If ϕ is positive definite or negative definite then gµν is positive definite on
its entire domain of definition.

• If ϕ is Lorentzian then gµν has Lorentzian signature (+,+,+,−) for all
y ∈ R × S(ϕ) at which it is defined and signature (+,+,−,−) for all
y ∈ R × T (ϕ) at which it is defined.

Proof. We may choose coordinates such that ϕ = ϕ(ŷ) = ε1(y1)2 + ε2(y2)2 +
ε3(y3)2. Since the spacetime dimension is fixed to 4 the calculation of the de-
terminant of the fundamental tensor is in principle a straightforward exercise
whenever F is sufficiently differentiable. It is given by

det g = sgn(ϕ)ε1ε2ε3f(x0)8 exp
(

8|y0|
|y0| + sgn(ϕ)

√
|ϕ|

)
. (10.21)

The determinant already gives us a pretty good idea of what the possible signa-
tures of gµν can be. In particular, since gµν is a four-dimensional matrix, it has
Lorentzian signature if and only if its determinant is negative.

a) If ϕij is positive definite then all εi and sgn(ϕ(ŷ)) are positive, and hence
det g is positive.

b) If ϕij is negative definite then all εi and sgn(ϕ(ŷ)) are negative, and hence
det g is positive.
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c) If ϕij has Lorentzian signature (+,+,−) then det g is negative whenever
sgn(ϕ(ŷ)) > 0, i.e. on S(ϕ), and det g is positive whenever sgn(ϕ(ŷ)) < 0, i.e.
on T (ϕ).

d) If ϕij has Lorentzian signature (−,−,+); then det g is negative whenever
sgn(ϕ(ŷ)) < 0, i.e. on S(ϕ), and det g is positive whenever sgn(ϕ(ŷ)) > 0, i.e.
on T (ϕ).

This already shows that gµν is Lorentzian if and only if ϕ is Lorentzian and
y ∈ R × S(ϕ). But the sign of the determinant does not suffice to determine
whether this signature is mostly plus or mostly minus. Similarly, it does not tell
us much about the signature of gµν when ϕ is positive or negative definite. In
order to find out, we distinguish the following three cases.

Case 1: ϕ Lorentzian and y ∈ R × S(ϕ)
We first consider the case that ϕ is Lorentzian. Without loss of generality, we
set ϕ(ŷ) = ε1(y1)2 + ε1(y2)2 − ε1(y3)2, where ε1 = ±1 selects if we are in case c)
or d).

Now note that given a vector y ∈ TxM which is ϕ-spacelike, it follows from
the symmetries of the Finsler metric and in particular from the 3-dimensional
Lorentz symmetry of ϕ that we may always change coordinates, without changing
the form of ϕ (and F ), such that y2 = y3 = 0.

For any choice of ε1, we find by direct calculation, using that ε2
1 = 1 and

|ε1| = 1, that gµν is of the form

gµν = e
2|y0|

|y0|+ε1|y1| f(x0)2

M 0 0
0 1 0
0 0 −1

 , (10.22)

where M is an (ε1-dependent) 2 × 2 matrix, whose explicit form we omit. Its
relevant properties are that

detM = 1, TrM = 2 + 4(y1)2

(|y0| + ε1|y1|)2 . (10.23)

Since the determinant and trace are both positive it follows that M is positive
definite. Hence we conclude that gµν is of the mostly plus type (+,+,+,−).

Case 2: ϕ Lorentzian and y ∈ R × T (ϕ)
In this case we may WLOG choose coordinates such that ϕ(ŷ) = ε1(y1)2 −
ε1(y2)2 − ε1(y3)2, where ε1 = ±1, and such that y2 = y3 = 0. Again, by direct

160



10.1. A modification of Elgendi’s unicorn metrics

calculation we find that gµν is now of the form

gµν = e
2|y0|

|y0|+ε1|y1| f(x0)2

M 0 0
0 −1 0
0 0 −1

 , (10.24)

where M is again a 2 × 2 matrix with the properties (10.23), so that M is
again positive definite. Hence we conclude that in this case, gµν has signature
(+,+,−,−).

Case 3: ϕ positive or negative definite
In this case we may WLOG choose coordinates such that ϕ(ŷ) = ε1(y1)2 +
ε1(y2)2 + ε1(y3)2, where ε1 = ±1, and such that, for any given y ∈ TxM , we
have y2 = y3 = 0. In this case gµν is of the form

gµν = e
2|y0|

|y0|+ε1|y1| f(x0)2

M 0 0
0 1 0
0 0 1

 , (10.25)

where M is again a 2 × 2 matrix with the properties (10.23), so that M is again
positive definite. Hence we conclude that gµν is positive definite.

Let us point out some interesting features of the two physically reasonable scenar-
ios we identified below Corollary 10.1.2 as a result of their satisfactory light cone
structure, i.e. ϕ having (−,−,−) or (+,+,−) signature. In both cases the light
cone is equivalent to that of Minkowski space, but surprisingly, in its interior—
the timelike cone—the signature of g is never Lorentzian. Indeed, if ϕ is negative
definite then Proposition 10.1.4 shows that g is positive definite everywhere, in
particular inside the timelike cone. Similarly, if ϕ has signature (+,+,−) then,
with x3 representing the timelike direction as pointed out right below Corol-
lary 10.1.2, the timelike cone is given by (y3)2 > (y0)2 +(y1)2 +(y2)2. Any vector
in this cone thus satisfies, in particular, the inequality (y3)2 > (y1)2 +(y2), which
says precisely that ŷ ∈ T (ϕ). It then follows from Proposition 10.1.4 that g has
signature (+,+,−,−) here and hence everywhere within the timelike cone.

In various alternative, more stringent definitions of Finsler spacetimes [97,
122], one requires the existence of a nonempty cone with certain properties on
which the fundamental tensor has Lorentzian signature, in order to guarantee
(among other things) the existence of a physically viable light cone structure.
What we have just established here, however, is that there exist Finsler geome-
tries that do have a perfectly viable light cone structure even while not having
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Lorentzian signature anywhere. This is an interesting new observation about
Finsler geometry in its own right: apparently, even in positive definite signature,
a light cone structure may arise due to irregularities of the Finsler metric. The
most notable irregularity in the present case is located at null vectors, i.e. vectors
satisfying |y0| + sgn(ϕ)

√
|ϕ| = 0. Indeed, symbolically, we have

lim
|y0|+sgn(ϕ)

√
|ϕ|→0

|y0|+sgn(ϕ)
√

|ϕ|<0

F = 0. (10.26)

whereas

lim
|y0|+sgn(ϕ)

√
|ϕ|→0

|y0|+sgn(ϕ)
√

|ϕ|>0

F = ∞ . (10.27)

Taking into account Proposition 10.1.3 this means that in the scenario where ϕ
has signature (+,+,−), the Finsler metric F extends continuously to 0 if one
tends to the light cone from inside the timelike cone. The transition from the
spacelike directions to the light cone is then discontinuous, however. In the
(−,−,−) scenario the situation is exactly the opposite. F then extends contin-
uously to 0 if one tends to the light cone from the spacelike directions, whereas
the transition from the timelike directions to the light cone is discontinuous.

10.2 Exact solutions

Our next aim is to determine the form of the function f(x0)—the only physical
degree of freedom—in the modified unicorn metric (10.9) by solving the Finsler
gravity field equation. Since the latter simplifies tremendously for Landsberg
spaces, let us start by confirming that the modified unicorn is still of this type.
The geodesic spray of F is given explicitly by

G0 =
(
(y0)2 − |ϕ|

) f ′(x0)
f(x0) (10.28)

Gi = Pyi, i = 1, 2, 3 (10.29)

where

P = 2
(

|y0| + sgn(ϕ)
√

|ϕ|
)

sgn(y0)f
′(x0)
f(x0) , (10.30)
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In analogy with Elgendi’s original unicorn metrics (10.6), this geodesic spray
is not quadratic in y, so the modified unicorn metrics (10.9) are not Berwald.
Let us now check that the Landsberg tensor still vanishes, justifying the name
(modified) unicorn. To this end we employ the definition (4.5) of the Landsberg
tensor, Sµνρ = −1

4yσ∂̄µ∂̄ν ∂̄ρG
σ, and note that only the Gi terms (i = 1, 2, 3)

can give a nontrivial contribution, since G0 is quadratic. For these terms, we
compute that

∂̄µ∂̄ν ∂̄σG
i = ∂̄µ∂̄ν ∂̄σ

√
|ϕ|yi + 3δi(µ∂̄ν ∂̄σ)

√
|ϕ|, (10.31)

where the round brackets around the indices denote symmetrization. To find
the Landsberg tensor we need to contract this with yi = giµy

µ = 1
2 ∂̄iF

2, and
it can be checked in a straightforward way that the latter can be written as
some function times ∂̄i

√
|ϕ|. It thus suffices to show that ∂̄i

√
|ϕ|∂̄µ∂̄ν ∂̄σGi = 0.

Indeed, whenever µ ̸= 0, it follows from the homogeneity of
√

|ϕ| that the latter
is equal to (for µ = 0 it vanishes immediately since ϕ does not depend on y0)

∂̄i

√
|ϕ|
(
∂̄µ∂̄ν ∂̄σ

√
|ϕ|yi + 3δi(µ∂̄ν ∂̄σ)

√
|ϕ|
)

(10.32)

=
√

|ϕ|∂̄µ∂̄ν ∂̄σ
√

|ϕ| + 3∂̄(µ

√
|ϕ|∂̄ν ∂̄σ)

√
|ϕ| (10.33)

= 1
2 ∂̄µ∂̄ν ∂̄σ

(√
|ϕ|
)2

= 1
2 ∂̄µ∂̄ν ∂̄σ|ϕ| = 0, (10.34)

which vanishes because ϕ is quadratic2. Hence our modified unicorns are indeed
non-Berwaldian Landsberg metrics, justifying their name, and ensuring that the
field equation reduces to the (weakly) Landsberg field equation (7.13). The next
proposition characterizes Ricci-flat modified unicorn metrics. Below we will see
that any vacuum solution to the field equation must be Ricci-flat, hence this
result even characterizes all vacuum solutions of modified unicorn type.

Proposition 10.2.1. F is Ricci-flat if and only if f has the form f(x0) =
c1 exp

(
c2x

0), with c1, c2 = const.

Proof. By definition, and using homogeneity and the fact that Nµ
ν = 1

2 ∂̄νG
µ, we

2Points satisfying |ϕ| = 0 can be safely ignored since these lie outside the domain A of the
Finsler metric.
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have

Ric = Rµµνy
ν = (δµNµ

ν − δνN
µ
µ )yν (10.35)

= yν((∂µ −Nρ
µ ∂̄ρ)Nµ

ν − (∂ν −Nρ
ν ∂̄ρ)Nµ

µ ) (10.36)
= yν∂µN

µ
ν − yν∂νN

µ
µ − yνNρ

µ ∂̄ρN
µ
ν + yνNρ

ν ∂̄ρN
µ
µ (10.37)

= 1
2

(
yν∂µ∂̄νG

µ − yν∂ν ∂̄µG
µ
)

(10.38)

− 1
4

(
yν ∂̄µG

ρ∂̄ρ∂̄νG
µ − yν ∂̄νG

ρ∂̄ρ∂̄µG
µ
)

(10.39)

= ∂µG
µ − 1

2y
ν∂ν ∂̄µG

µ − 1
4

(
∂̄µG

ρ∂̄ρG
µ − 2Gρ∂̄ρ∂̄µGµ

)
. (10.40)

Using the identities

∂̄0P = 2f ′/f, ∂̄0G
0 = 2y0f ′/f,

∂̄2
0G

0 = 2f ′/f, ∂̄0∂̄iG
0 = ∂̄0∂̄iP = ∂̄2

0P = 0,
yi∂̄iG

0 = −2|ϕ|f ′/f, yi∂̄iP = 2 sgn(ϕy0)
√

|ϕ|f ′/f,

(10.41)

one finds after some slightly tedious manipulations that the last two terms in
the expression for the Ricci tensor can both be expressed as

∂̄µG
ρ∂̄ρG

µ = 2Gρ∂̄ρ∂̄µGµ = nP 2, (10.42)

where n = dimM = 4 in our case. Hence these terms cancel each other out
precisely. Denoting G0 = Ḡ0f ′/f and P = P̄ f ′/f , so that Ḡ0 and P̄ do not
depend on xµ, and using the fact that ∂̄µGµ = nP , one finds furthermore that

∂µG
µ = (∂2

0 log |f |)Ḡ0, (10.43)
yν∂ν ∂̄µG

µ = ny0(∂2
0 log |f |)P̄ . (10.44)

Consequently, we have

Ric = ∂µG
µ − 1

2y
ν∂ν ∂̄µG

µ (10.45)

= (∂2
0 log |f |)

(
(1 − n)(y0)2 − n|y0|sgn(ϕ)

√
|ϕ| − |ϕ|

)
, (10.46)

which in dimension n = 4 reduces to

Ric = −(∂2
0 log |f |)

(
3(y0)2 + 4|y0|sgn(ϕ)

√
|ϕ| + |ϕ|

)
. (10.47)
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If Ric = 0 then we must, in particular, have

0 = ∂̄2
0Ric = −6(∂2

0 log |f |). (10.48)

It thus follows that Ric = 0 if and only if ∂2
0 log |f | = 0, the general solution to

which is given by the stated form of f .

This shows that the following family of Finsler metrics are exact vacuum solutions
to Pfeifer and Wohlfarth’s field equation in Finsler gravity:

F =
{
F0 if |y0| + sgn(ϕ)

√
|ϕ| ≠ 0

0 if |y0| + sgn(ϕ)
√

|ϕ| = 0 , (10.49a)

where

F0 =c1e
c2x0

(
|y0|+sgn(ϕ)

√
|ϕ|
)

exp
(

|y0|
|y0|+sgn(ϕ)

√
|ϕ|

)
. (10.49b)

Furthermore, the following proposition shows that any solution of the type (10.9)
must have this form. In other words, all vacuum solutions of modified unicorn
type are in fact Ricci-flat.

Proposition 10.2.2. A modified unicorn metric (10.9) is a solution to the Fins-
lerian field equations in vacuum if and only if f(x0) = c1e

c2x0, i.e. if and only
if it can be written as (10.49).

Proof. In four spacetime dimensions, the proof is straightforward and most easily
performed in convenient coordinates in which ϕ is diagonal with all nonvanishing
entries equal to +1 or −1. Due to the size of some of the expressions involved,
however, we only give a sketch of the proof here. From (10.9) one can directly
compute gµν and then its inverse gµν . From (10.47) together with the definition
of the Finsler-Ricci tensor (2.34) one can immediately compute Rµν . We omit
the intermediate expressions because they are somewhat lengthy, but plugging
all of this into the (weakly) Landsberg field equation (7.12), we obtain

−∂2
0 log |f |

3
√

|ϕ|

(
−4 sgn(ϕ)|y0|3 − 5y0

√
|ϕ| + |ϕ|3/2

)
= 0. (10.50)

This equation can only be satisfied for all yµ for which it is defined if ∂2
0 log |f | =

0, in which case (10.47) shows that F is in fact Ricci-flat and therefore, by
Proposition 10.2.1, must have the form (10.49), as desired.
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10.3 A linearly expanding universe

We now turn to the physical interpretation of one of the unicorn solutions ob-
tained above. We will focus on the case where ϕ has (−,−,−) signature. In that
case, we will see that the solution can be interpreted as a linearly expanding (or
contracting) universe.

We start by noticing that for any time slice x0 = const., y0 = 0, the Finsler
metric describing the spatial geometry is a function only of the 3-dimensional
Riemannian Finsler Lagrangian ω2 = (y1)2 + (y2)2 + (y3)2. Since ω2 is homo-
geneous and isotropic, the spatial Finsler metric must be as well, for each time
slice. This shows that the Finsler spacetime metric has cosmological symmetry,
i.e. is spatially homogeneous and isotropic. Alternatively, it has been shown
[71, 28] that a Finsler metric has cosmological symmetry if and only if it can be
written in the form F = F (x0, y0, ω), where

ω2 = (yr)2

1 − kr2 + r2
(
(yθ)2 + sin2 θ(yϕ)2

)
, k = 0,±1 (10.51)

is the standard spatial cosmological line element in coordinates (r, θ, ϕ), repre-
sented as a scalar function on TM . With k = 0 this corresponds to our ω2 above,
and hence we conclude also in this way that indeed, provided ϕ has (−,−,−)
signature, the modified unicorn metric has cosmological symmetry.

Second, it turns out that the modified unicorn metric is conformally flat.
More precisely, we can write the Finsler metric

F = f(x0)F̄ (y), (10.52)

as a conformal factor f(x0) (which is a function only of the timelike coordinate)
times the ‘reference’ Finsler metric

F̄ =
(

|y0| −
√

|ϕ(ŷ)|
)
e

|y0|
|y0|−

√
|ϕ(ŷ)| , (10.53)

which is flat. Indeed, since F̄ has no x-dependence, it follows from (2.33) that
the spray vanishes identically. In other words, the geodesics of F̄ are straight
lines in these coordinates, and (2.32) implies that the curvature of F̄ vanishes,
N̄ρ
µ = 0.

This situation is reminiscent of FLRW cosmology, which also features cosmo-
logical symmetry as well as conformal flatness. Indeed, in the simplest (spatially
flat) case, the FLRW metric can be written as ds2 = −dt2+a(t)2(dx2+dy2+dz2),
where a(t) is the scale factor. Introducing the conformal time coordinate ζ =
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∫ t 1
a(t)dt the metric takes the form

ds2 = a(ζ)2
(
−dζ2 + dx2 + dy2 + dz2

)
. (10.54)

The Finsler metric corresponding to this line-element reads

FFLRW(x, y) = a(ζ)
√

|−(yζ)2 + (yx)2 + (yy)2 + (yz)2| (10.55)
= a(ζ)F̄FLRW(y), (10.56)

where F̄FLRW is the flat ‘reference’ metric in the FLRW case. Comparing (10.56)
to (10.52) suggests that in the Finslerian case, the coordinate x0 might have the
interpretation of a kind of conformal time, while f(x0) might play a role analo-
gous to the scale factor a(ζ). Since the transformation t → η is characterized by
∂t/∂η = a and ∂t/∂xi = 0, it makes sense in this analogy to perform a similar
(inverse) coordinate change x0 → t̃ according to ∂t̃/∂x0 = f and ∂t̃/∂xi = 0 in
the Finsler metric. Here t̃ is a new coordinate that, if possible, we would like to
interpret as cosmological time, analogous to t in the FLRW metric. In fact, we
will omit the tilde and just write t̃ = t from here onwards. Then the relation
between the coordinates implies that yt = fy0 and hence the modified unicorn
metric attains the form

F =
(

|yt| − f(t)
√

|ϕ|
)
e

|yt|
|yt|−f(t)

√
|ϕ| . (10.57)

where f(t) is shorthand for f(x0(t)). Indeed, it is now clear that:

• f(t) has the interpretation of a scale factor, for the spatial geometry at a
time slice t = t0 is given by3

Fsp = F
∣∣
yt=0,t=t0 = f(t0)

√
(y1)2 + (y2)2 + (y3)2, (10.58)

which is just the Finsler metric of flat three-dimensional Euclidean space
multiplied by f(t0); equivalently,

ds2 = f(t0)2
(
(dx1)2 + (dx2)2 + (dx3)2

)
. (10.59)

• The coordinate t has the interpretation of cosmological time since it cor-
3We have removed the irrelevant overall minus sign in order to render the spatial geometry

positive definite.
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responds (up to a constant4) to the proper time of a stationary observer
with ẋi = 0. Note that the latter describes a geodesic.

If we additionally require the metric to be a vacuum solution then we know from
Proposition 10.2.2 that f(x0) = c1e

c2x0 . In that case it follows from ∂t/∂x0 =
f(x0) = c1e

c2x0 that

x0(t) = 1
c2

ln
(
c2
c1

(t− c3)
)
, (10.60)

where c3 is another integration constant, and hence we find that the scale factor
f(t) as a function of cosmological time t is given by

f(t) ≡ f(x0(t)) = c2(t− c3) . (10.61)

Thus the modified unicorn vacuum solutions describe a linearly expanding or
contracting universe.

As an additional mathematical curiosity, it turns out that these solutions
are not only Ricci-flat and conformally flat, as already noted, but flat, in the
sense that the nonlinear curvature tensor Rρµν = δµN

ρ
ν − δνN

ρ
µ vanishes identi-

cally. This follows by explicit computation (which we omit here). Even though
Rρµν = 0, the geometry is nontrivial. This would be impossible in pseudo-
Riemannian geometry. Indeed, in pseudo-Riemannian geometry a vanishing cur-
vature tensor would imply that there exist coordinates in which geodesics are
straight lines, or, equivalently, in which the spray vanishes identically, Gρ = 0.
In the case at hand, though, we are dealing with a Finsler metric that is non-
Berwaldian, meaning that, whatever coordinates we use, the spray Gρ will never
be quadratic, and hence, in particular, it will never vanish identically. This
proves the nonexistence of a coordinate system in which the geodesics of the
unicorn metric are straight lines, showing that the geometry can justly be char-
acterized as nontrivial, even though it has zero curvature.

10.4 Concluding remarks

The results obtained in this chapter motivate a systematic search for cosmological
Landsberg spacetimes that solve the field equations. Indeed, while the Berwald

4Along the worldline of a stationary observer, which we may parameterize as xµ(t) = (t, xi
0),

ẋµ = (1, 0, 0, 0), we have F (x, ẋ) = |ẋt|e|ẋt|/|ẋt| = e, so that dτ/dt = e. Hence, strictly
speaking, t = τ/e is a constant multiple of the proper time.
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property has been shown to be too restrictive to be able to model nontrivial
cosmological dynamics [71], we have shown here that—going up one step in
generality—Landsberg spaces do have this capacity. With the recent results
characterizing cosmological symmetry in Finsler spacetimes [71] and Elgendi’s
machinery for constructing unicorns using conformal transformations [123, 49],
we have a lot of tools at our disposal to study such cosmological unicorns. This
is work in progress.
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Discussion and Outlook

The results obtained in this dissertation can be divided into two main (interre-
lated) categories:

• the characterization of Berwald spaces and their metrizability (Part II);

• vacuum solutions in Finsler gravity (Part III).

Berwald spaces are relevant not only from an intrinsic mathematical point of
view but also in the context of Finsler gravity. They represent the first step up
in complexity relative to pseudo-Riemannian manifolds, and they are relatively
easy to handle, computationally. In Chapter 5 we introduced a new characteriza-
tion of Berwald spaces and we explored some of its consequences. In particular,
we obtained a general necessary and sufficient condition for (α, β)-metrics to
be of Berwald type and we applied this Berwald condition to several specific
(α, β)-metrics: Randers metrics (for which the result is well known), exponen-
tial (α, β)-metrics, m-Kropina metrics (for which the result is also known) and
generalized m-Kropina metrics. While based mostly on our published work [H1],
we have presented these results here with a substantially heightened focus on
mathematical rigor relative to the original article. Apart from the applications
discussed here, these results have also found application in the classification of
cosmological Berwald spaces [71, 72] and it seems worthwhile to investigate in
the future whether there are more possible applications.

While all positive definite Berwald spaces defined on A = TM0 are pseudo-
Riemann metrizable according to Szabo’s well-known metrization theorem, it
was demonstrated in Chapter 6 that this is not true any longer in the general
setting of Berwald spaces of arbitrary signature. We provided a general argument
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for this along with a simple explicit counterexample, based on [H2]. Next, we
investigated the situation more closely in the case of generalized m-Kropina
spaces with closed null 1-form, and (standard) m-Kropina spaces with arbitrary
1-form, and we obtained the precise necessary and sufficient conditions for local
metrizability. These results are based in part on, but considerably generalize the
findings of [H3].

Interestingly, in all of the cases considered, we concluded that local metriz-
ability is equivalent to the symmetry of the Finsler-Ricci tensor. One of these
implications—that a locally metrizable affine connection requires a symmetric
Ricci tensor—is trivial, but the opposite implication—that a symmetric Finsler-
Ricci tensor implies local metrizability—is quite wonderfully surprising. Of
course, this equivalence could be purely incidental and specific to the types of
metrics considered here, but one is naturally led to wonder whether such a result
might hold more generally. It is thus very much of interest to study the metriz-
ability of other types of Berwald spaces and see whether the equivalence holds
up. The ultimate goal would be to prove in complete generality that a Berwald
space is locally metrizable if and only if it has a symmetric Finsler-Ricci tensor,
or find a counterexample to this conjecture.

Chapter 6 concluded with the local classification of locally metrizable, Ricci-
flat m-Kropina spaces in 1 + 3D. These findings have not been published yet
and will appear in a forthcoming article. Two cases can be distinguished: either
the 1-form is null or it is not. In the first case, we found that locally, only a
single family of such spaces exists, namely with α given by a classical pp-wave
metric, and β its defining covariantly constant null 1-form. In the latter case, we
found that for each (admissible) value of m there is locally, a unique (necessarily
locally metrizable) Ricci-flat m-Kropina space of Berwald type, namely with α
given by the flat Minkowski metric and β having constant components in ‘flat’
coordinates. We have restricted to the scenario that α is of Lorentzian signature,
but analogous results can be proven easily in other signatures.

Since Ricci-flatness is a sufficient (and in some cases even necessary) condition
for a Berwald space to be a vacuum solution to the Finsler gravity field equations,
these results have direct consequences for the classification of vacuum solutions of
m-Kropina type. Specifically, apart from the above-mentioned ‘trivial’ solutions,
a Berwald m-Kropina space can only be a vacuum solution if one of the following
two conditions is met:

(i) the 1-form is null and F is not locally metrizable;

(ii) the 1-form is not null and F is not Ricci flat.

All that is currently known about such scenarios is that some examples of Ricci-
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flat spaces (and hence vacuum solutions) satisfying (i) exist; whether spaces
satisfying (ii) exist is unknown. To complete the classification of m-Kropina
vacuum solutions of Berwald type, a thorough investigation of both cases (i) and
(ii) is required.

And that brings us to Part III, in which vacuum solutions to Pfeifer and
Wohlfarth’s field equation in Finsler gravity were the central topic. We intro-
duced several classes of exact vacuum solutions, classified them, and discussed
their physical interpretation.

To begin with, we proved in Chapter 8 that any (α, β)-metric constructed
from a vacuum solution to Einstein’s equation α and a covariantly constant 1-
form β is a Ricci-flat vacuum solution in Finsler gravity, allowing us to deform
solutions in general relativity (GR) to solutions in Finsler gravity. We then
classified such solutions and showed that all nontrivial ones are generalizations
of the well-known general relativistic pp-wave solutions. For Randers metrics
as well as modified Randers metrics—a slightly different version of the Randers
metric that we introduced and studied in depth because of its preferable causal
properties—we even demonstrated that all vacuum solutions of Berwald type
must be of this form, classifying (locally) all Berwald-Randers vacuum solutions.
These results are based on [H4] and [H5].

While such classification results are intrinsically valuable from a mathemat-
ical point of view, it is essential from a physics perspective to understand what
kind of physics such solutions represent. That is why, in Chapter 9, we in-
vestigated the observational signature of our pp-wave type Finsler spacetimes,
based on [H5]. After a physically motivated twofold linearization procedure—
linearizing both in the departure from flatness as well as in the departure from
GR—we found that these solutions can be interpreted as Finslerian gravitational
waves and we were able to obtain an explicit expression for the radar distance,
the main observable in gravitational wave interferometry. The result was quite
surprising: if such a Finslerian gravitational wave were to pass the Earth, its
effect on an interferometer would be indistinguishable from a similar general
relativistic gravitational wave!

This is on the one hand somewhat disappointing, as it suggests that inter-
ferometer measurements may not have the power to reveal possible Finslerian
characteristics of our universe. On the other hand, it also means that current
gravitational wave measurements are all compatible with the idea that spacetime
has a Finslerian nature. Moreover, while research in Finsler gravity is generally
quite abstract, our radar distance result—which may be viewed not in the least
as a proof of concept—shows how clear physical predictions can be extracted
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from an a priori abstract Finslerian model of spacetime. Repeating such an
analysis in other scenarios (e.g. more generic types of Finslerian gravitational
waves, higher-order analyses, or completely different Finsler spacetimes) may
lead to additional insight into the observational signature of Finsler gravity.

Another highly interesting direction for future research in this context would
be to investigate whether Finslerian effects also play a role in the generation of
gravitational waves during, say, a black hole merger event. It is to be expected
that such effects would lead to a Finslerian correction to the waveform and this
could, in principle, be measured in interferometer experiments, especially since
our results show how the waveform correlates with the experimental results—
namely in exactly the same way in which the waveform of a general relativistic
gravitational wave does. To investigate this, Finslerian black hole solutions first
need to be better understood, and research in this direction is actively ongoing,
in part by the author. All 4-dimensional spherically symmetric Finsler metrics of
Berwald type have recently been classified [121] and, while a Birkhoff-type the-
orem has been proven for Ricci-flat spherically symmetric Berwald spacetimes
[102], it will be demonstrated in a forthcoming article that non–Ricci-flat spheri-
cally symmetric vacuum solutions more general than the Schwarzschild geometry
do exist, suggesting that the gravitational field around a black hole might indeed
feature Finslerian effects.

While all solutions discussed up to this point have been of Berwald type, we
introduced and studied a (non-Berwaldian Landsberg) unicorn solution to the
vacuum field equation in Chapter 10, which is based on [H6]. Its mathematical
interest lies in the fact that this is the first and only non-Berwaldian solution
to Pfeifer and Wohlfarth’s equation currently known in the literature and that
it is of unicorn type, but in addition to that, we have seen that it can be inter-
preted very naturally in a cosmological setting as well. Indeed, we have shown
that the solution has cosmological symmetry, i.e. is spatially homogeneous and
isotropic, that it has a well-behaved light cone structure, and that its (flat) spa-
tial slices evolve in cosmological time by means of a scale factor—reminiscent of
the Friedmann-Lemaître-Robertson-Walker (FLRW) metric—which has a linear
dependence on cosmological time. This leads to the natural interpretation of our
unicorn solution as describing a linearly expanding (or contracting) Finslerian
universe.

As an additional curiosity, we found that the requirement of a physically
viable light cone structure does not, strictly speaking, necessitate Lorentzian
signature, as is often assumed. This is illustrated by the signature anomaly of
our above-mentioned cosmological unicorn solution, which indeed has positive
definite signature everywhere on its domain, and yet has a light cone structure
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that is equivalent to that of flat Minkowski space. This surprising observation
raises the question of how strictly one should adhere to the standard require-
ment of Lorentzian signature in the context of Finsler spacetime geometry. Of
course, there are other reasons why Lorentzian signature might still be a desir-
able property—extremization properties of geodesics, existence, and uniqueness
(in the right context) of solutions to the field equations, the propagation speed
of the gravitational interaction, and more—but nevertheless it is worth thinking
about this question in depth.

Our results also motivate a systematic search for cosmological Landsberg
spacetimes that solve the field equations. Since (properly Finslerian) cosmologi-
cal solutions of Berwald type are necessarily static [71] and hence not particularly
interesting, any nontrivial such Landsberg spacetime must necessarily be a uni-
corn. With the recent results characterizing cosmological symmetry in Finsler
spacetimes [71], Elgendi’s machinery for constructing unicorns using conformal
transformations [123, 49], and the discovery of the first unicorn solution discussed
here, we are very optimistic about this endeavor. This is work in progress.

Another important next step in the study of Finsler gravity, not only in the
context of cosmology but in general, is the investigation of solutions to the field
equation in the presence of matter. Promising ideas about the Finslerian descrip-
tion of matter have arisen recently. For instance, taking into account the individ-
ual motion of each gas particle in a kinetic gas, one obtains an energy-momentum
tensor that is direction-dependent [88, 89]. Such an energy-momentum tensor
cannot be accommodated in GR for obvious reasons, and indeed, in the usual
Einstein-Vlasov treatment [90, 91] the individual motion of the gas particles is
averaged over. Finsler gravity, however, is perfectly well capable of incorporating
this direction-dependence and hence it could very well be that Finsler gravity is
able to provide a more accurate description of the gravitational field of a kinetic
gas. Currently, matter solutions in Finsler gravity are still completely unex-
plored, but with the before-mentioned ideas in mind, it seems a very promising
avenue.

Finally, let us zoom out and return to the broader perspective. Fundamental
physics stands before an enormous challenge: the unification of gravity with
quantum mechanics. Ultimately, the research covered in this dissertation stands
in service of this goal. Indeed, the possibility, suggested by quantum gravity
research, that local Lorentz invariance—which lies at the heart of GR—may
not be fundamental leads directly to the notion of Finsler spacetime geometry,
since the latter beautifully accommodates departures from Lorentz invariance
already at the classical level. This has been the primary motivation for our
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work. Of course, the topics covered here represent only a tiny fraction of the
larger picture. Yet, we are hopeful that our results, though modest in scope, will
prove instrumental in the understanding of gravity and that, eventually, they
may even shine light on the reconciliation of gravity with quantum mechanics.
With this grand prospect, we have come to the end of this dissertation.
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APPENDIX A

Special Pseudo-Riemannian Metrics

In this appendix we discuss several special types of pseudo-Riemannian metrics
and their standard expression in coordinates, starting with metrics that admit
a closed null 1-form. But first, a remark about the notation is in order. In
several places below, b will a priori denote a 1-form. But we will occasionally
use the same symbol b to denote its vector equivalent via the metric-induced
isomorphism. For example, b = du means that bi = ∂iu and b = ∂v means that
bi = ∂xi/∂v. No confusion should be possible as to what is meant.

A.1 Metrics admitting a closed null 1-form

Proposition A.1.1. Any pseudo-Riemannian metric admitting a closed null
1-form b is locally (whenever b ̸= 0) given by

ds2 = −2dudv +Hdu2 + 2Wbdudxb + hbcdxbdxc, (A.1)

in coordinates (u, v, xa), a = 3, . . . , n, with b = du, where H,Wa are smooth
functions, and where, for fixed u and v, hab is a pseudo-Riemannian metric of
dimension n− 2.

Proof. First, we may pick coordinates (v, x2, . . . , xn) around p adapted to b in
the sense that b = ∂v, i.e. bi = δi1. At this point, the metric has the general
form a = aijdxi ⊗ dxj . The null character of b manifests as the fact that a11 =
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avv = 0 in these coordinates. Because b is closed and hence locally exact, we may
write, locally, b = du for some function u(v, x2, . . . , xn). Equivalently, bi = ∂iu.
Note also that ∂iu = bi = aijb

j = aijδ
j
1 = ai1. Since a11 = 0, it follows that

∂vu = ∂1u = 0. As b ̸= 0 by assumption, there must be some i ≥ 2 such that
∂iu = ai1 ̸= 0 in a neighborhood of p. Order the coordinates x2, . . . , xn such
that this is true for i = 2, i.e. assume without loss of generality that a21 ̸= 0.
Next, define the map

x = (v, x2, . . . , xn) 7→ x̃ = (v, u(x2, . . . , xn), x3, . . . , xn). (A.2)

Its Jacobian matrix and its inverse are given by

J ij = ∂x̃i

∂xj
=


1 0 0 . . . 0
0 a21 a31 . . . an1
0 0 1 . . . 0
...

...
... . . . ...

0 0 0 . . . 1

 , (A.3)

(J−1)ij = ∂xi

∂x̃j
=


1 0 0 . . . 0
0 1/a21 −a31/a21 . . . an1/a21
0 0 1 . . . 0
...

...
... . . . ...

0 0 0 . . . 1

 , (A.4)

and since det J = a21 ̸= 0 this matrix is invertible, so x 7→ x̃ is a local diffeo-
morphism at p. It remains to find the form of the metric in the new coordinates.
We have

ãij = ∂xk

∂x̃i
∂xℓ

∂x̃j
akℓ, i.e. ã = J−1TaJ−1. (A.5)

Therefore we have

ã11 = (J−1T )1
iaij(J−1)j1 = a11 = 0, (A.6)

ã12 = (J−1T )1
iaij(J−1)j2 = 1, (A.7)

ã1b = (J−1T )1
iaij(J−1)jb = a12(−ab1/a21) + a1b = 0, b = 3, . . . , n. (A.8)

This shows that a = ãijdx̃idx̃j = 2dudv + Hdu2 + 2Wbdudxb + hbcdxbdxc for
certain functions H, Wa, hab, and hence after a redefinition v → −v we may
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write the metric in the form

a = −2dudv +Hdu2 + 2Wbdudxb + hbcdxbdxc. (A.9)

It follows from the easily checked fact that deth = − det a ̸= 0 that hab is itself
a pseudo-Riemannian metric of dimension n− 2.

In matrix form, such a metric reads, schematically,

g =

H −1 Wa

−1 0 0
Wa 0 hab

 (A.10)

with inverse is given by

g−1 =

 0 −1 0
−1 −H + habWaWb habWb

0 habWb hab

 (A.11)

=

 0 −1 0
−1 −H +W 2 W a

0 W a hab

 , (A.12)

where hab is the inverse of hab, indices have been raised with h, and W 2 =
habWaWb. We note that the Christoffel symbols with upper index u have a
particularly simple form,

Γuij = 1
2∂vgij . (A.13)

A.2 Metrics admitting a parallel vector field

Next, we discuss pseudo-Riemannian metrics that admit a parallel (i.e. covari-
antly constant) vector field. Note that the existence of a parallel vector field is
equivalent to the existence of a parallel 1-form of the same causal character. We
distinguish the two cases that the 1-form is null, or that the 1-form is not null,
starting with the former. In this case, the resulting metric is called a CCNV1

metric or a pp-wave metric.

1CCNV stands for covariantly constant null vector.
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Proposition A.2.1. Any pseudo-Riemannian metric admitting a parallel null
1-form bi is locally (whenever b ̸= 0) given by

ds2 = −2dudv +H(u, xa)du2 + 2Wb(u, xa)dudxb + hbc(u, xa)dxbdxc, (A.14)

in coordinates (u, v, xa), a = 3, . . . , n, with b = du, and where, for each fixed u,
hbc is a pseudo-Riemannian metric of dimension n − 2. Conversely, du is null
and parallel with respect to any metric of the form (A.14).

Proof. It is easy to see that a 1-form is parallel if and only if it is closed and
satisfies the Killing equation. Hence bi is in particular closed and it follows from
Proposition A.1.1 that locally we may write

ds2 = −2dudv +Hdu2 + 2Wbdudxb + hbcdxbdxc, b = du. (A.15)

Computing ∇ibj explicitly in these coordinates, using the fact that bi = δui and
gui = −δiv and giv = 0, yields

∇ibj = −1
2
∂aij
∂v

. (A.16)

Since bi is parallel, all these components must vanish, and consequently all metric
functions must be independent of v. The converse statement that du is always
null and parallel is straightforward to check explicitly.

If, on the other hand, the 1-form is not null, the metric decomposes locally as a
direct product of a flat 1-dimensional metric and an arbitrary (n−1)-dimensional
metric. In order to prove this we employ the Frobenius theorem.

Recall that a distribution is called involutive if it is closed under the Lie
bracket, and it is called completely integrable (we follow the terminology of e.g.
[55]) if it is spanned by a set of coordinate vector fields in some cubic chart.
The Frobenius theorem states that any involutive distribution is completely in-
tegrable. We will take this result for granted.

The following is a consequence of a more general result (see e.g. Appendix
C of [124]), but here we give a self-contained proof directly from the Frobenius
theorem. To ease the notation, coordinate labels will momentarily run from 0 to
n− 1 rather than 1 to n, even though the signature is not necessarily Lorentzian
but in principle arbitrary. Greek indices µ, ν, ρ, . . . run from 0 to n− 1, whereas
Latin indices i, j, k, . . . run from 1 to n− 1.
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Proposition A.2.2. Any pseudo-Riemannian metric admitting a nonnull (i.e.
|b|2 ̸= 0) parallel vector field bµ can locally be written as a product metric

ds2 = ±(dx0)2 + hij(xk)dxidxj . (A.17)

where b = b0 dx0 with b0 = constant, and where hij is an (n − 1)-dimensional
pseudo-Riemannian metric.

Proof. We apply the Frobenius theorem twice. First to the distribution spanned
by bµ, and then to the distribution orthogonal to bµ. Since any vector commutes
with itself, it follows immediately that span{b} is involutive and hence completely
integrable, so there exist coordinates yµ such that b = ∂/∂y0. We keep this
coordinate system in mind.

Next, consider the distribution D consisting of all vectors orthogonal to bµ.
Note that since |b|2 ̸= 0, by assumption, the orthogonal complement b⊥ of b
in TxM is an (n − 1)-dimensional linear subspace, and symbolically TxM =
span{b} ⊕ b⊥. Hence D is an (n − 1)-dimensional distribution. Now let v, w ∈
D. Then, by torsion-freeness, we have [v, w] = ∇vw − ∇wv, and by metric-
compatibility, ∇g = 0, we have g(∇vw, b) = −g(w,∇vb) and g(∇wv, b) =
g(v,∇wb). Hence, since b is parallel we see that

g([v, w], b) = g(∇vw, b) − g(∇wv, b) (A.18)
= −g(w,∇vb) + g(v,∇wb) (A.19)
= 0. (A.20)

This shows that [v, w] ∈ D and hence D is involutive. By the Forbenius theo-
rem, the (n − 1)-dimensional distribution D is therefore completely integrable,
that is, there exist local coordinates z0, . . . , zn−1 such that D is spanned by
∂/∂z1, . . . , ∂/∂zn−1.

Now we combine the two coordinate systems yµ and zµ. Namely, we define
new coordinates xµ by setting x0 = z0 and xi = yi for i = 1, . . . , n − 1. This is
a valid coordinate transformation as long as the dxµ are linearly independent.
To see that the latter is the case, suppose that at some point in M we have
cµdxµ = 0, i.e.

c0dz0 = −cidyi. (A.21)

Then, by construction, we see that the LHS annihilatesD = b⊥, whereas the RHS
annihilates b. Hence the vector corresponding to this 1-form would be contained
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in both span(b) and b⊥. But, since |b|2 ̸= 0, we have span(b) ∩ b⊥ = {0}, so it
follows that we must have c0 = ci = 0. Hence xµ are valid coordinates on M .

By construction, b is a multiple of ∂/∂x0. This is because b = ∂/∂y0, meaning
that dyi(b) = 0 for each i. Therefore dxi(b) = dyi(b) = 0.

Next, we will prove that in the xµ coordinates, g0i = 0. First notice that if
a 1-form ω annihilates the orthogonal complement of b, i.e. if ω(v) = 0 for all v
satisfying gµνvµbν = 0, then we must have ω = ω0dz0, which is clear from the
form of D in zµ-coordinates. But we have dx0 = dz0 and hence it follows as well
that if a 1-form ω annihilates the orthogonal complement of b then ω = ω0dx0,
or equivalently ωi = 0. We know, however, that ωµ = gµνb

ν trivially annihilates
the orthogonal complement of b. This therefore implies that ωi = giνb

ν = 0.
Now recall that bµ = b0∂0. It follows that ωi = gi0 = 0, as claimed.

Since the cross terms in the metric vanish and b is a multiple of ∂/∂x0, we also
have b = b0dx0. It then follows from the fact that b is closed that b0 = b0(x0).

So far what we have shown is that the metric and 1-form have the form

ds2 = g00(xµ)(dx0)2 + gij(xµ)dxidxj , b = b0(x0)dx0 (A.22)

Next, we explicitly evaluate the equation ∇µbν = 0 in the new coordinates. The
ij-component shows that ∇ibj = −b0Γ0

ij = b0g
00∂0gij = 0, hence ∂0gij = 0. And

the 0i-component shows that ∇0bi = −b0Γ0
0i = −b0g

00∂ig00 = 0, hence ∂ig00 =
0. From the latter it follows that we can do a final coordinate transformation
x0 7→ x̄0 such that dx̄0 =

√
|g00(x0)|dx0. Then, after dropping the bar over x0,

the metric attains the form

ds2 = ±(dx0)2 + gij(xk)dxidxj . (A.23)

Then Γ0
00 = 0 and hence ∇0b0 = ∂0b0 = 0 implies that b0 = const. Finally,

since det gµν = ± det gij , the (n − 1)-dimensional metric gij is nondegenerate
and hence pseudo-Riemannian. This completes the proof.

Corollary A.2.3. In 4 spacetime dimensions, the only vacuum solution to Ein-
stein’s field equations admitting a nonnull parallel vector field or 1-form is (lo-
cally) flat Minkowski spacetime.

Proof. Let gµν be such a metric. By Proposition A.2.2, it can be written locally
as

ds2 = ±(dx0)2 + hij(xk)dxidxj . (A.24)
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It is a simple exercise to show that the Ricci curvature decomposes as

R00 = R0i = 0, Rij = R̃ij , (A.25)

where R̃ij is the Ricci tensor of hij . If gµν is a vacuum to Einstein’s field equa-
tions, Rµν = 0, it therefore follows that R̃ij = 0 and hij is Ricci-flat. However, in
three dimensions it is a standard result that any Ricci-flat pseudo-Riemannian
metric is flat, which follows from the Ricci-decomposition of the Riemann tensor
because the Weyl tensor vanishes identically. Hence hij is flat. As the direct
product of two flat pseudo-Riemannian manifolds, gµν is itself flat.

See also [79, §35.1.1] for an alternative argument and related results.

A.3 Some properties of the pp-wave metric

Consider the pp-wave metric (A.14) in 4 spacetime dimensions,

ds2 = −2dudv +H(u, xa)du2 + 2Wb(u, xa)dudxb + hbc(u, xa)dxbdxc, (A.26)

a, b, c, · · · = 1, 2. Under the assumption that this is a vacuum solution to Ein-
stein’s field equations, i.e. that the metric is Ricci-flat, it follows from the results
in [86] (see also section 24.5 in [79]) that the functions Wa can be transformed
away and hab can be transformed into δab by means of an appropriate coordinate
transformation2. Such a vacuum pp-wave metric can thus be written in standard
form

ds2 = −2dudv +H(u, x, y)du2 + dx2 + dy2. (A.27)

Then the only nonvanishing component of the Ricci tensor is Ruu = −1
2∆H,

where ∆ = ∂2
x + ∂2

y , which yields the following.

Proposition A.3.1. A pseudo-Riemannian metric in (1+3)D admitting a paral-
lel null 1-form is Ricci-flat, i.e. is a vacuum solution to Einstein’s field equation,
if and only if it can be written locally as

ds2 = −2dudv +H(u, x, y)du2 + dx2 + dy2, ∆H = 0. (A.28)

2In [86], or rather its English translation [125], the term normal hyperbolic is used, which is
meant to indicate that the metric is of Lorentzian signature.
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A Basic Linearity Result

The aim of this appendix is to prove a basic result, Lemma B.0.2, concerning
linearity and constancy of certain functions on Rn, used in Theorem 5.3.12 and
Theorem D.2.2. In what follows, f and g will be real-valued functions an open
subset of Rn. Moreover, to prevent confusion, we stress that indices i, j, k, . . . in
expressions like xi will always be indices, not powers, i.e. x2 denotes the second
component of the vector x ∈ Rn.
Lemma B.0.1. If the function x 7→ f(x)xi is affine for each i, i.e. f(x)xi =
cikx

k + di, on an open subset U ⊂ Rn with n ≥ 2 such that 0 /∈ U , then f(x) is
constant on U .

Proof. Multiplying f(x)xi = cikx
k + di with xj and f(x)xj = cjkx

k + dj with xi

shows that for all i, j we must have

cikx
kxj + dixj = cjkx

kxi + djxi, (B.1)

which implies that

dixj = djxi, cikx
kxj = cjkx

kxi. (B.2)

The first equation implies (e.g. by differentiation) that di = 0 for each i. The
second equation can be written as

cikδ
j
l x
kxl = cjkδ

i
lx
kxl, (B.3)
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and hence, by differentiating twice, we obtain that

cikδ
j
l + cilδ

j
k = cjkδ

i
l + cjl δ

i
k. (B.4)

Taking any i ̸= j = k = l (this is where the assumption n ≥ 2 is needed) this
reduces to 2cik = 0. Hence the matrix of coefficients cij must be diagonal. Next,
taking any i = k ̸= l = j, the equation reduces to cii = cjj (no summation).
Hence c1

1 = · · · = cnn =: c. Substituting this in the original assumption that
f(x)xi = cikx

k + di yields f(x)xi = cxi and hence, since x ̸= 0 on U , this implies
that f(x) = c is constant.

Lemma B.0.2. If g is differentiable on an open subset U ⊂ Rn with n ≥ 3 and if
the function x 7→ f(x)bi+ g(x)xi is linear for each i, i.e. f(x)bi+ g(x)xi = cijx

j,
then f(x) is linear and g(x) is constant.

Proof. Consider bi and xi as the components of two vectors b⃗ and x⃗ in Rn and
pick a basis such that b⃗ = (1, 0 . . . , 0) in that basis. The assumption that f(x)bi+
g(x)xi is linear then splits into two, namely:

(a) f(x) + g(x)x1 is linear;

(b) g(x)xi is linear for all i > 1.

Writing x = (x1, x̄), condition (b) implies that, for any x1 and any i = 1, . . . , n−
1, the map

Rn−1 ∋ x̄ 7→ g(x1, x̄)x̄i = g(x)xi+1 = ci+1
j xj = ci+1

1 x1 +
n−1∑
j=1

ci+1
j+1x̄

j (B.5)

is affine on the open set Ux1 = {x̄ ∈ Rn−1 : (x1, x̄0) ∈ U }. Hence, by
Lemma B.0.1, this map is constant on Ux1 \ {0}, but this implies, by continuity,
that the map is constant on Ux1 . This means that g(x) can only depend on x1,
i.e. we may write g(x) = h(x1). Now consider the specific case of i = 2. Accord-
ing to (b) and the result just obtained, h(x1)x2 is linear, that is, we can write
h(x1)x2 = c2

jx
j . Differentiation with respect to x2 then shows that h(x1) = c2

2 =
constant, and hence g(x) = constant. Plugging this into (a) immediately implies
that f(x) is linear, completing the proof.

188



APPENDIX C

Determinant of an Indefinite (α, β)-Metric

Here we derive the formula (see (C.14) below) for the determinant of a not nec-
essarily positive definite (α, β)-metric. This formula, which appeared originally
in [H5], is a generalization of a well-known result for positive definite (α, β)-
metrics, and the proof is not substantially different from the positive definite
analog. We consider Finsler metrics of the form F = αϕ(s), where s = β/α,
α =

√
|A| =

√
|aijyiyj |, A = aijy

iyj = sgn(A)α2, and where aij is assumed to be
a pseudo-Riemannian metric, i.e. not necessarily Riemannian/positive definite.

In complete analogy with the positive definite case, it can be shown by direct
calculation that the fundamental tensor gij ≡ 1

2 ∂̄i∂̄jF
2 is given by

gij = sgn(A)ρaij + ρ0bibj + ρ1(biαj + αibj) + ρ2αiαj , (C.1)

where we have defined αi = aijy
j/α, and with coefficients given by

ρ = ϕ(ϕ− sϕ′), (C.2)
ρ0 = ϕϕ′′ + ϕ′ϕ′, (C.3)
ρ1 = −(sρ0 − ϕϕ′) = −

[
s(ϕϕ′′ + ϕ′ϕ′) − ϕϕ′] , (C.4)

ρ2 = −sρ1 = s
[
s(ϕϕ′′ + ϕ′ϕ′) − ϕϕ′] . (C.5)

The only difference here with the positive definite case is the factor sign(A)
appearing in the first term in (C.1). Denoting dimM = n, we can write this in
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matrix notation as

g = sgn(A)ρ
(
a+ UWV T

)
, (C.6)

in terms of the three matrices

W = sgn(A)
ρ

I4×4, U = (⃗b, b⃗, α⃗, α⃗), V = (ρ0⃗b, ρ1α⃗, ρ1⃗b, ρ2α⃗). (C.7)

Note that U and V are both n × 4 matrices and W is a 4 × 4 matrix. It is a
well-known result (one of the matrix determinant lemmas, see e.g. [117]) that
if a is an invertible matrix (which it is in our case) then the determinant of the
expression in brackets in (C.6) is equal to

det
(
a+ UWV T

)
= det

(
I4×4 +WV Ta−1U

)
det a. (C.8)

It follows that

det g = sgn(A)nρn det
(
I4×4 +WV Ta−1U

)
det a. (C.9)

The matrix product WV Ta−1U = sgn(A)
ρ V Ta−1U can be evaluated by explicit

computation and reads

WV Ta−1U = ϵ

ρ


|b|2ρ0 |b|2ρ0 ϵsρ0 ϵsρ0
ϵsρ ϵsρ ϵρ ϵρ

|b|2ρ1 |b|2ρ1 ϵsρ1 ϵsρ1
ϵsρ2 ϵsρ2 ϵρ2 ϵρ2

 , (C.10)

where we have written ϵ = sgn(A). Hence we obtain

det g = ϵnρn det a det

I4×4 + ϵ

ρ


|b|2ρ0 |b|2ρ0 ϵsρ0 ϵsρ0
ϵsρ ϵsρ ϵρ ϵρ

|b|2ρ1 |b|2ρ1 ϵsρ1 ϵsρ1
ϵsρ2 ϵsρ2 ϵρ2 ϵρ2


 (C.11)

= ϵnρn det a det

I4×4 + 1
ρ


ϵ|b|2ρ0 ϵ|b|2ρ0 sρ0 sρ0
sρ sρ ρ ρ

ϵ|b|2ρ1 ϵ|b|2ρ1 sρ1 sρ1
sρ2 sρ2 ρ2 ρ2


 (C.12)

= ϕn+1(ϕ− sϕ′)n−2(ϕ− sϕ′ + (ϵ|b|2 − s2)ϕ′′) det aij . (C.13)

Some useful identities that we have used are: αi = sgn(A)yi/α so that αiαi =
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sgn(A) and αib
i = sgn(A)s. We conclude that

det g = ϕn+1(ϕ− sϕ′)n−2(ϕ− sϕ′ + (sgn(A)|b|2 − s2)ϕ′′) det a. (C.14)

In the case that α is positive definite, sign(A) = 1 everywhere, so the formula
reduces to the standard result (see e.g. [110]).
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APPENDIX D

Additional Proofs

D.1 Metric-compatibility of a nonlinear connection

Proposition D.1.1. Let (M,L) be a Finsler space and N a torsion-free, homo-
geneous nonlinear connection on M . TFAE:

(i) δiL = 0,

(ii) ∇Dgij = 0.

Proof. The implication (i) ⇒ (ii) can be checked explicitly using the expression
(2.23) for the canonical connection. In terms of the spray

Gk = gkjGj , Gj = 1
2

(
ym∂m∂̄jL− ∂jL

)
, (D.1)

we simply have Nk
i = 1

2 ∂̄iG
k, by the fundamental lemma of Finsler geometry.

We need to show that

∇Dgij = ykδkgij −Nk
i gkj −Nk

j gik = 0. (D.2)

To that end, consider the fact that we can write

Nk
i gkj = 1

2 ∂̄i
(
gℓkGℓ

)
gkj = 1

2

(
∂̄iGj+gkj ∂̄igℓkGℓ

)
= 1

2

(
∂̄iGj−∂̄igkjGk

)
. (D.3)
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By noting that the two individual terms can be written as

∂̄iGj = ∂[i∂̄j]L+ ym∂mgij , Gk = Nk
my

m, (D.4)

where the second one follows from Euler’s theorem, it follows that

Nk
i gkj = 1

2

(
∂[i∂̄j]L+ ym∂mgij − ymNk

m∂̄igkj
)

(D.5)

= 1
2

(
∂[i∂̄j]L+ ym∂mgij − ymNk

m∂̄kgij
)

(D.6)

= 1
2

(
∂[i∂̄j]L+ ymδmgij

)
. (D.7)

It thus follows that

Nk
i gkj +Nk

j gik = ykδkgij , (D.8)

which gives the desired result, proving the first implication.
Conversely, to prove that (ii) ⇒ (i), note that we have

yiδiL = ∇DL = ∇D

(
gjky

jyk
)

= ∇Dgjky
jyk, (D.9)

since ∇Dy
i = 0. So ∇Dgij implies 0 = yiδiL, which means also that

0 = ∂̄j
(
yiδiL

)
= δjL+ yi∂̄jδiL. (D.10)

Thus it suffices to show that yi∂̄jδiL = 0. Since [∂̄j , δi] = −∂̄jNk
i ∂̄k we have

yi∂̄jδiL = yiδi∂̄jL− yi∂̄jN
k
i ∂̄kL (D.11)

= yiδi∂̄jL− yi∂̄iN
k
j ∂̄kL− yiT kij ∂̄kL (D.12)

= yiδi∂̄jL−Nk
j ∂̄kL− yiT kij ∂̄kL (D.13)

= ∇D

(
∂̄jL

)
− yiT kij ∂̄kL (D.14)

= ∇D

(
2gjkyk

)
− yiT kij ∂̄kL (D.15)

= −yiT kij ∂̄kL (D.16)
= −2Tkijyiyk (D.17)

where in the second line we used the definition of the torsion tensor, in the third
line we used homogeneity of Nk

ij , in the fourth line we used the definition of ∇D ,
then we expressed ∂̄jL in terms of gij , and finally in the last line we used the
Leibniz rule for ∇D and the fact that ∇Dy

k = 0 and ∇Dgjk = 0. Combining this
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with what we found above, we conclude that if ∇Dg = 0 then

δjL = yiT kij ∂̄kL (D.18)

and hence if additionally the torsion of ∇D vanishes then we must indeed have
δiL = 0.

D.2 Generality of generalized m-Kropina metrics

Theorem 5.3.12 assumes that ϕ′ ̸= 0 on A. Here we generalize the theorem to
the case where no such condition is presupposed. In what follows, we will denote
by s both the function s : (x, y) 7→ β(x, y)/α(x, y) as well as the function values
s ∈ R. So we will write, for instance, that s ∈ s(U) if the value s lies in the
image of the set U under the function s. We start with a stronger version of
Lemma 5.3.11, where the assumption that U is connected is omitted.

Lemma D.2.1. Suppose that bi is nowhere vanishing. If U ⊂ A is open then
the image s(U) is a union of intervals that each have nonempty interior, and
s(U) ⊂ s(U)0 \ C for any finite set C.

Proof. Since U is an open subset of the manifold TM , it is itself a manifold
and hence it is locally connected. As a result, we may write U = ∪iUi where
each Ui is open and connected. By Lemma 5.3.11, each s(Ui) is an interval with
nonempty interior, and we have s(Ui) ⊂ s(Ui)0 \ C for each i. Hence

s(U) = ∪is(Ui) ⊂ ∪is(Ui)0 \ C ⊂ ∪is(Ui)0 \ C ⊂ (∪is(Ui))0 \ C (D.19)

= (s(∪iUi))0 \ C = s(U)0 \ C, (D.20)

as desired.

As a result, if some ODE for ϕ(s) is satisfied for all s ∈ s(U) \ C, where U ⊂ A
is some open set and C a finite set, then the ODE may be solved (explicitly) on
the open set s(U)0 \C using standard methods, and this uniquely determines ϕ
on all of s(U) by continuous extension. The following result is the generalization
Theorem 5.3.12 that we alluded to.

Theorem D.2.2. Let F = αϕ(β/α) be a properly Finslerian (α, β)-metric with
dimM > 2. Suppose furthermore that A is connected. Then TFAE:
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(i) F is Berwald and there exist nowhere vanishing λ, ρ, σ ∈ C∞(M) such that

T kij = λbkbibj + ρ
(
biδ

k
j + bjδ

k
i

)
+ σbkaij ; (D.21)

(ii) β is closed and there are nonvanishing constants c, d,m and a nowhere
vanishing p ∈ C∞(M) such that

ϕ(s) = ±s−m(c+ ds2)(m+1)/2 (D.22)

∇ibj = p
{
cm|b|2aij +

[
c(1 −m) + ϵd|b|2

]
bibj

}
(D.23)

In that case ρ = −σ = −cmp and λ = ϵdp.

Proof. Assuming (ii) then, according to Proposition 5.3.9, F is Berwald and the
affine connection is given by (5.40) and from this we infer that T kij is clearly of
the form (D.21) with λ = ϵdp and ρ = −σ = −cmp. Hence (ii) implies (i). We
will split the proof that (i) implies (ii) over the two lemmas below. Hence, with
these lemmas, the proof of the theorem is complete.

Denote B = {ϕ′ = 0} ⊂ A and Ã = A \ B0. There are two cases that we will
distinguish. Either B0 = ∅ or B0 ̸= ∅. Each of the two cases gets its own lemma.

Lemma D.2.3. Theorem D.2.2 holds under the additional assumption that B0 =
∅.

Proof. It suffices to show that (i) implies (ii). The Berwald condition (5.11)
must be satisfied on Ã with T kij given by (D.21), in which case this condition
reduces to

yj∇ibj =λ|b|2βbi+2ρβbi+σ|b|2yi+
ϵψ

α

(
λβ2bi+ρ(βyi+Abi)+σβyi

)
, (D.24)

where ψ = ϕ/ϕ′ − s. We can write this also as

yj∇ibj−
(
λ|b|2βbi+2ρβbi+σ|b|2yi

)
= ϵψ

α

(
λβ2+ρA

)
bi+

ϵψ

α
(ρ+σ)βyi, (D.25)

where we have collected all manifestly linear terms on the LHS and grouped the
RHS by a bi term and a yi term. Since the LHS is linear, the RHS must be so
as well, and in fact, by Lemma B.0.2 this can only be achieved if both terms on
the RHS are linear, i.e. if ϵψ

α (ρ+ σ)β is independent of y and if ϵψ
α

(
λβ2 + ρA

)
is linear. Since A = 0 is excluded, by definition, from A and since A has only
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a single connected component, by assumption, A must be contained in one of
the open sets A > 0 or A < 0. And that, in particular, implies that ϵ = sgn(A)
is just a constant on A. Thus we need ψ

α (ρ+ σ)β to be independent of y and
ψ
α

(
λβ2 + ρA

)
to be linear.

Step 1) Claim: ρ = −σ
First we consider the yi term, which is linear in y iff ψ (ρ+ σ)β/α = is indepen-
dent of y. The only way this can be true, assuming F is properly Finslerian, is if
ρ = −σ. To see this, suppose that ρ ̸= −σ. Then we must have ψβ/α = ψs =: ℓ
where ℓ is a priori a function of x, but since the LHS depends only on s, ℓ must
actually be constant. Hence ψ = ϕ/ϕ′ − s = ℓ/s for all (x, y) ∈ Ã with s ̸= 0.
As a differential equation in the variable s this must hold for all s ∈ s(Ã) \ {0}.
Since A is open and connected, we can apply Lemma D.2.1 and its consequences:
we can integrate the differential equation for ϕ(s) on the interior of s(Ã) \ {0}
and then extend the solution by continuity to all of s(Ã), i.e. for all relevant
values of s. Moreover, since B is assumed to have empty interior, Ã is dense
in A. Hence, by continuity, s(Ã) is dense in s(A). This means that ϕ can be
obtained for all values of s by continuous extension.

We will now apply this scheme. Assuming wlog that ℓ ̸= 0 (for otherwise
ϕ − sϕ′ = 0 and det gij = 0, by (C.14)) we find ln |ϕ| =

∫
(s+ ℓ/s)−1 ds =

ln(|c(ℓ + s2)|)/2, where c is an integration constant (that may, at this stage,
be different on each connected component). Then ϕ =

√
c(ℓ+ s2) for s in the

interior of s(Ã) \ {0}, and by the argument given above this must be the form
of ϕ for all values of s. Hence F 2 = α2ϕ2 = c(ℓα2 + β2) is pseudo-Riemannian.
This is excluded in the premise of the theorem and hence it is a contradiction,
so we must indeed have ρ = −σ.

Step 2) Deriving an ODE in s
Next, we consider the bi term, setting σ = −ρ. This term is linear iff the
coefficient of bi is linear, which is the case iff

∂̄i∂̄j

[
ψ

α

(
λβ2 + ρA

)]
= 0. (D.26)
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For the first derivative, we have

∂̄i

[
ψ

α

(
λβ2 + ρA

)]
= ψ′∂̄is

α

(
λβ2 + ρA

)
− ψ

α2 ∂̄iα
(
λβ2 + ρA

)
+ ψ

α
(2λβbi + 2ρyi) (D.27)

= ψ′

α2

(
bi − βyi

A

)(
λβ2 + ρA

)
− ϵψyi

α3

(
λβ2 + ρA

)
+ ψ

α
(2λβbi + 2ρyi) (D.28)

= 1
α2

[
−
(
βψ′

A
+ ϵψ

α

)(
λβ2 + ρA

)
+ 2αρψ

]
yi

+ {bi terms}, (D.29)

where we have used the identities

∂̄iα = ϵyi
α
, ∂̄is = 1

α

(
bi − βyi

A

)
, (D.30)

and separated the yi and the bi parts, the latter of which are irrelevant. The
reason for this is the following. By inspecting the situation (or working it out
exactly) it is clear that the second derivative in (D.26) will be of the form faij +
ghij , where f, g are functions and hij is a linear combination of bibj , biyj , yibj
and yiyj . Hence hij has at most rank 2, which is strictly less than the rank of
aij . That means that (D.26), i.e. the equation faij + ghij = 0, can only hold
if f = 0, for otherwise we could write aij = (g/f)hij and aij and hij would
have the same rank. It turns out that it suffices for what we aim to prove to
consider this coefficient f , as we will see shortly. Differentiation of the bi terms in
(D.29), however, will never yield terms proportional to aij . In fact, the only way
we get terms proportional to aij is by directly differentiating yi in (D.29). No
other terms resulting from the product rule are proportional to aij either. This
simplifies this calculation enormously because it means that in order to get the
aij-coefficient f from (D.29) we effectively need only replace yi by its derivative
∂̄jyi = aij to obtain

∂̄i∂̄j

[
ψ

α

(
λβ2 + ρA

)]
= (D.31)

1
α2

[
−
(
βψ′

A
+ ϵψ

α

)(
λβ2 + ρA

)
+ 2αρψ

]
aij + ghij . (D.32)
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As we argued above, the vanishing of this implies that we must have

0 = 1
α

[
−
(
βψ′

A
+ ϵψ

α

)(
λβ2 + ρA

)
+ 2αρψ

]
(D.33)

= −
(
sψ′

ϵα2 + ϵψ

α2

)(
λβ2 + ρA

)
+ 2ρψ (D.34)

= −ϵ
(
sψ′ + ψ

) (
λs2 + ρϵ

)
+ 2ρψ, (D.35)

or, after rewriting,

ψ′

ψ
= η − s2

s(s2 + η) , η ≡ ϵρ/λ. (D.36)

As before, since the LHS depends only on s, the RHS should also not depend
on x explicitly, which implies that η, which is a priori a function on M , should
actually be a constant. Hence (D.36) is an ODE for ψ(s).

Step 3) Solving the ODE to obtain ϕ(s)
In analogy with how we solved the differential equation for ϕ earlier in this proof,
this one is solved uniquely by

ψ = c̃s

s2 + η
, (D.37)

for all s ∈ s(Ã) \ {
√

−η,−
√

−η}, where c̃ is an integration constant. We find ϕ
on K0 via ψ = ϕ/ϕ′ − s. This can now be written as

ϕ′

ϕ
=
(

c̃s

s2 + η
+ s

)−1
= ds2 − cm

ds3 + cs
, (D.38)

where we have introduced an arbitrary constant d and defined c = d(c̃+ η) and
m = −dη/c = −η/(η + c̃). This is uniquely solved by

ϕ(s) = d̃s−m(c+ ds2)(m+1)/2, (D.39)

for s ∈ s(Ã) \ {
√

−η,−
√

−η}, where we may absorb the integration constant d̃
(up to sign) into c and d. Hence ϕ attains the desired form

ϕ(s) = ±s−m(c+ ds2)(m+1)/2 (D.40)

for all s ∈ s(Ã)\{
√

−η,−
√

−η}. Once again, by Lemma D.2.1 and the fact that
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Ã is dense in A, we can again extend the solution by continuity to all relevant
values of s. In other words, ϕ has the form (D.40) for all relevant values of s, as
desired. In principle, the constants c, d,m and the sign ± could have different
values on different connected components of s(A), but since A is assumed to
be connected, s(A) is also connected and hence the constants and the sign are
actually fixed over all of s(A).

Step 4) The condition on ∇ibj
Finally we substitute the form (D.37) of ψ and the relation between ρ, σ and λ
into the Berwald condition (D.25), leading to

yj∇ibj =
(
λ|b|2βbi + 2ρβbi + σ|b|2yi

)
+ ϵλc̃βbi, (D.41)

from which we can infer by differentiation that for ∇ibj is symmetric under i ↔ j.
This implies that the 1-form β is closed and hence, by Proposition 5.3.9, that
the desired Berwald condition holds. This completes the proof.

Remark D.2.4. As a consistency check for step 4 of the proof, we may also
derive the desired Berwald condition directly from (D.41). For this, we note
that the definitions of c and m in terms of c̃ and η above may be inverted as
c̃ = c(1 +m)/d and η = −mc/d. Using also the relations between λ, ρ, σ, we find
that (D.25) turns into

yj∇ibj =
(
λ|b|2βbi + 2βbi + σ|b|2yi

)
+ ϵλc̃βbi (D.42)

=
(
λ|b|2βbi + 2ϵηλβbi − ϵηλ|b|2yi

)
+ ϵλ

c(1 +m)
d

βbi (D.43)

= λ

[(
|b|2 + 2ϵη + ϵ

c(1 +m)
d

)
βbi − ϵη|b|2yi

]
(D.44)

= λ

[(
|b|2 − 2ϵmc

d
+ ϵc(1 +m)

d

)
βbi + ϵmc

d
|b|2yi

]
(D.45)

= λ

[(
|b|2 + ϵc

d
(1 −m)

)
βbi − ϵ

−mc
d

|b|2yi
]
, (D.46)

from which we can infer by differentiation that

∇ibj = ϵλ

d

{[
ϵd|b|2 + c (1 −m)

]
bibj +mc|b|2aij

}
, (D.47)

which is precisely (D.23) if we identify p = ϵλ/d.
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Lemma D.2.5. Theorem D.2.2 holds under the additional assumption that B0 ̸=
∅.

Proof. Again, it suffices to prove that (i) implies (ii). Most of the proof of the
previous lemma is still valid. In particular, the conclusion that ϕ must be of the
form

ϕ(s) = ±s−m(c+ ds2)(m+1)/2 (D.48)

still holds on s(Ã). The difference is that Ã is currently not dense in A and so
we cannot extend this by continuity to all of s(A). However, since we defined
B = {ϕ′ = 0} ⊂ A and Ã = A \ B0, where we will agree that the closure is
taken, by definition, in A, we have

A = Ã ∪B0, s(A) = s(Ã) ∪ s(B0), (D.49)

so it remains to see what happens for s ∈ s(B0). First, on s(B0), we have ϕ′ = 0,
by definition. By Lemma D.2.1 and the remark right below it, this implies that

ϕ(s) = k (D.50)

for all s ∈ s(B0). Thus what we have shown is that for all s in s(A), ϕ is given
by either by (D.48) or by (D.50). Note that s(A) is an interval because A is
connected and ϕ assumed continuous, even smooth. Moreover, by Lemma D.2.1,
both s(B0) and s(Ã) are a union of intervals with nonempty interior. We want
to prove that (D.48) holds everywhere. Suppose not. Consider the interface
between an interval on which (D.48) is satisfied and an interval on which (D.50)
is satisfied. ϕ is assumed to be smooth on this interface. That means that all
derivatives of (D.48) must tend to zero (which are the derivatives of (D.50)) if s
tends to this interface. However, one can check that there are no values of s for
which all derivatives of (D.48) tend to zero, except if cm = 0, in which case F is
either degenerate (which would be a contradiction) or pseudo-Riemannian. But
that means that on every interval on which (D.48) is satisfied, F must in fact be
pseudo-Riemannian. And that simply means that F is pseudo-Riemannian as a
whole. This is a contradiction with our assumptions and therefore this completes
the proof.
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